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ABSTRACT

The operating equations of a variable reluctance transducer
are derived in this report through the application of classical
electromagnetic theory. These equations are formulated in terms
of inductance and a quantity called the electrical force factor.
The basic equations are shown to be nonlinear, and a set of ap-
proximate linear equations is derived for a special class of
inputs.
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dealing with the derivation of the equations of variable reluctance
transducers.
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THE ANALYSIS OF VARIABLE RELUCTANCE TRANSDUCERS:
THE CLASSICAL METHOD

THE GENERAL PROBLEM

The purpose of this report is to discuss the classical method of formulating the equa-
tions of a particular class of magnetic field transducers. The techniques which will be
presented are applicable to all transducers in which the magnetic field is of external elec-
trical origin and in which an air gap is the essential electromechanical element. Such
devices can be classed under the generic name of variable reluctance (or inductance)
transducers. As a preliminary to the discussion of the classical analysis method, it will
be useful to review the fundamental physical relationships which are used in analyzing
electromechanical devices, and the essential problems which must be overcome.

There are two basic network relations which can be used in the analysis of the elec-
trical portion of the transducer. These are the Kirchoff node and loop laws, and they can
be stated as follows:

1. Node Law: The sum of the currents entering an ideal electrical connection point
which is incapable of storing charge (an electrical node) must be zero.

2. Loop Law: The sum of the voltage differences taken in a particular direction
around a closed path in an electrical network (an electrical loop) must be zero.

The mathematical expressions for the node and loop laws are

Zi =0

N n

% AVm: 0

(1)

where

il

i, nth current entering a node N

Av_ = mthvoltage difference around a loop M
and where N and M indicate that the summations are to be carried out at a particular node
or around a particular loop.

The equations of the purely electrical portion of the transducer represents only part
of the problem. Another part, namely, the analysis of the purely mechanical portion of the
device, can also be formulated in terms of two fundamental relations. The first of these
is a form of Newton’s law, and the other is a purely kinematic relation. This pair of rela-
tions can be stated as follows:

1. Force Law: The sum of the forces acting on an ideal massless connection point
(a mechanical node) must be zero.
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2. Velocity Law: The sum of the velocity differences taken in a particular direction
around a closed path in a mechanical network (a mechanical loop) must be zero.

The mathematical versions of these statements are

an =0
N
(2)
ZAum =0
M

where

f =nthforce acting on a mechanical node N

Au_ = mthvelocity difference around a mechanical loop M

and where N and M have an analogous meaning to that used in Egs. (1).

If Egs. (1) and (2) were the only principles to be utilized in the study of electromechan-
ical transducers, then this report would consist entirely of the applications of techniques
which are quite adequately treated in the many excellent books on electrical network theory
and mechanical vibration theory. Unfortunately (from the point of view of the analyst!),
there are unique problems connected with the analysis of electromechanical transducers
which require techniques quite different from those employed for purely electrical or
purely mechanical systems. The essential problem is the determination of the mechanical
to electrical effects to be included in Egs. (1), and the electrical to mechanical effects to
be included in Eqs. (2). It is with the derivation of these electromechanical effects that the
major portion of this report is concerned, and the primary objective of this discussion is
to develop the necessary relations in as general a manner as possible.

In summary, it can be said that the most important single aspect of any electrome-
chanical transducer is the energy exchange process which links the purely electrical and
purely mechanical portions of the device. It is this energy exchange which determines the
form of the electromechanical effects which must be included in Egs. (1) and (2). Thus the
quantitative description of the energy conversion process in a variable reluctance trans-
ducer becomes the primary, and probably the most important, phase of the analysis.

The study of any transducer will consist of variations on the following steps:

1. The conception of an idealized energy exchange process having properties of as
general a character as possible;

2. The derivation of the quantitative relations governing the energy conversion, which
are of course based on the assumed properties of the energy exchange;

3. The insertion of the resulting electromechanical terms into the fundamental elec-
trical and mechanical relations obtained from Egs. (1) and (2);

4. The solution of the resulting operating equations under the external constraints of
interest;

5. The physical interpretation of these solutions in the context imposed by the assumed
ideal model of the transducer.
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In this report attention will be focused on the energy conversion process in the vari-
able reluctance transducer, and the resulting electromechanical effects. However, before
embarking on this project it will be fruitful to review the fundamental field concepts which
will be utilized in this report, and to discuss the formulation and application of the clas- e
sical electromagnetic field laws.

T 1T A

ELECTROMAGNETIC FIELD CONCEPTS

The electromechanical effects in a variable reluctance transducer can be derived
through the use of the classical theory of the electromagnetic field. This theory is formu-
lated in terms of field vectors, and the electromagnetic laws are expressions of experi-
mentally determined relationships. The expressions for the forces exerted on material
media in an electromagnetic field are also statements of experimental observations. These
force relations are formulated by assuming the existence of elemental magnetic poles on
the surface of the magnetized media of interest. Normally these forces can be evaluated
only after the field configuration has been determined through the use of the electromag-
netic laws.

In preparation for the later use of these classical ideas, the laws and concepts which
are pertinent to the analysis of variable reluctance transducers will now be reviewed and
discussed. The electromagnetic relations will be presented first, and then the force laws
will be outlined.

The classical electromagnetic field laws are stated in terms of the following five
vector field quantities:

H = magnetic field strength (amperes/meter)

B = magnetic flux density (webers/meter?)

£ = electric field strength (volts /meter)

D = electric flux density (coulombs/meter?)

J = conduction current density (amperes/meter2)

where the units refer to the rationalized mks system.

The classical laws can be expressed in either a vector point form (commonly referred
to as Maxwell’s equations), or as vector integral laws. For the purposes of this report the
integral form is the more convenient. There is actually a set of four such integral (or
point) equations but only the two which will be directly of concern in this report will be
discussed. They are:

A d
fH-Atmdlm :SSJ'nm dAm+d_tSS D-A_dA_ 3)
C A

A

m m m

and

A d A
§E tedle__.a_tﬂs-nedAe (4)




NAVAL RESEARCH LABORATORY

where, as is illustrated in Figs. 1 and 2,

c =

and

3>
I

dA =
e

Fig. 1 - Geometry of Eq. (3)

The various line and surface integrals in ‘Egs. (3) and (4) are scalar quantities which
are frequently used to describe an electromagnetic field. Following is a list of symbols

a closed contour

unit tangent vector to C_ in the direction of integration
incremental length on C,.

an area spanning C

unit normal to A_ on the positive side* of A_

a closed contour

unit tangent vector to C_ in the direction of integration
incremental length on C_

an area spanning C..

unit normal vector to A, on the positive side* of A,

incremental area on A,

and names commonly employed for these integrals:

mtive sides

of A_and A, are determined by the standard mathematical convention
relating the direction of integration around the circumference of an area to the positive

side of the area. This convention is illustrated in Figs. 1 and 2.

Fig. 2 -~ Geometry of Eq. (4)
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§H"t\m dlm =mmf = magnetomotive force around contour C

C [
o ¥
R
S J-n_dA =1 _ =conductioncurrent linking contour C
m m C m
A
m
(5)
JJ D'ﬁm dA_=y =electric flux linking contour C
m
-dEESS D'ﬁm dA =1,=displacement current linking contour C
A
m
and
§E'/t\e di, = emf = electromotive force around contour C
C
e
(6)

SS B-H dAe = A= flux linkage for contour C_.

Of these six scalars at least two, the conduction current and the flux linkage, are
worth additional comment. The conduction current term I  refers to the total conduction
current piercing the surface A_, and it may consist solely of a real physical flow of charged
particles passing through A . However, it may also result from a multiple passage of the
same charge flow through the surface spanning the contour C_ (e.g., a current carrying
coil linking the contour; see Fig. 3) and under these circumstances the term to be used in
Eq. (3) is not equal to the actual physical current. If the direction of the piercings of the
surface are properly accounted for {e.g., by the use of positive and negative piercings),
then the I  term is the product of the net number of piercings N and the physical currenti.
Thus the result for a contour which is linked by an N-turn coil which is carrying current i
is an expression I = Ni.

Fig. 3 — A double piercing of A, by the
same charge flow

FrUTIALN
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The flux linkage scalar A is similar to I 'in that it is the total flux linking C_, and it
may arise from the multiple passage of a single tube of magnetic flux. Thus it is important
to differentiate between the concepts of magnetic flux and flux linkage, since in most cases
of interest they are not equal. As an illustration of this difference it is useful to conceive
of a closed and well-defined magnetic flux path around which a certain flux ¢ is flowing.
This flux can be defined as

¢ :SS B-ﬁp dAp = magnetic flux flowing through Ap (7

A
P

where

A, = cross-sectional area of the flux path (flux tube)

A
n
P

unit normal to A, at the location of dAp
dAp = incremental surface area on Ap .

Now, suppose the contour c_ of Eq. (6) is chosen so that ¢ passes N times through the
surface A, which spans this contour (always, of course, in the same direction; see Fig. 4),
Then the integral of Eq. (6) reduces to the special form

and for this simple example the terms flux and flux linkage are clearly separate. Of
course in practice it is difficult to obtain a perfect tube of flux which links a given contour
exactly N times, and thus this example represents a very ideal and artificial situation.
However, the concepts of flux and flux linkage in the general case of partial linkage (e.g.,
the end turns of a coil losing some of the flux due to fringing effects of the field) are of the
same general physical character. That is, the flux linkage, as given in Eq. (6), usually is
greater than the flux, as given in Eq. (7), due to the fact that part or all of the flux links
the contour c_, more than once (pierces A, more than once).

Fig. 4 — A double piercing of A_ by the
same flux tube

The other scalars listed in Egs. (5) and (6) are not likely to cause confusion, since
they usually occur in an obvious fashion in practical situations. Considering these scalars
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as fundamental quantities which can be used to describe the field, the experimental laws
embodied in Egs. (3) and (4) can be verbally expressed in the following fashion:

AT ITACUTTA

Magnetomotive Force Law: The total magnetomotive force around any closed contour
is equal to the total current (conduction plus displacement) which links the contour.

Electromotive Force Law: The total electromotive force around any closed contour is
equal to the negative of the time rate of change of the total magnetic flux which links the
contour {the flux linkage).

An analysis of a variable reluctance transducer, using the classical field approach,
requires that expressions for H and B be developed which will satisfy Egs. (3) and (4). Once
these expressions have been developed, these field vectors can be used to evaluate the
forces which are exerted on any material media in the field. The force function can be
derived through the application of the basic force law.

The fundamental force law results from experiments performed on essentially isolated
magnetic poles, and it is usually written as

F = M1 72 £ )
12 T 7 a1 8
4rp(1y,)2 (
where
F,, = force on pole 1 due to pole 2 (newtons)

m, andm, = strengths of poles 1 and 2 (webers)

= permeability of the medium in which poles 1 and 2 are immersed

u
(webers /ampere-meter)
ry; = radius vector from pole 2 to pole 1
r,, = magnitude of r (meters)
?21 = unit vector in the direction of r,, .

Equation (8) is usually known as Coulomb’s law for isolated magnetic poles.

Ar alternative formulation of the force on a magnetic pole is of the form

F=mH (9)
where
F = force on pole m (newtons)
m = strength of pole (webers)
H = magnetic field strength at m (amperes /meter).
However, neither Egs. (8) or (9) are in a convenient form for obtaining the force on a
material body in a magnetic field. To obtain a suitable expression, the concept of a pole

density, p, is introduced to describe the magnetic state of the body:

p(x, y, z)=magnetic pole density (webers/meter3).
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This pole density arised, of course, only from magnetization of the material body and thus
is analogous to bound (or polarization) charge in a dielectric, and is not similar to free
charge in a conductor.

Now applying Eq. (9) to such a magnetized body we can express m as

m(x, vy, z)=p(x,y, z)dV
where dv is an elemental volume. The force, dF,onthis elemental volume isthen (see Fig. 5)
dF = H p dV

and the force density, or force per unit volume at each point of the body, can be expressed
as

dF
=H(x, y, z) p(x, y, z).

f(x, vy, z):W

The total force on any material body would then be the intergral over the volume of the
body of the force density.

MATERIAL BODY, VOLUME V

Fig. 5 — Force on an elemental
volume of a material body

The magnetic pole density can be expressed in terms of the divergence of H at each
point

p(x, y, z) =divp, H=pu,divH

where 1 is the permeability of vacuum. Thus the force density vector can be written in
the form

$(x, vy, z) =py H(x, vy, z) divH(x, y, z) (10)

and the total force F on the body of interest can be found by a volume integral of the form

F:Sde:SMOHdideV

which is, in general, quite difficult to evaluate except for the simplest possible geometry.
This volume integral can be brought into the form of a surface integral by inserting the
following vector identity into the integral,

HdivH=3divH HsfdivH Hek divB, HeHxcurlH-Zgrad (H: H)
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where

The force integral then takes the form

#L: i j(divHx H)dV + ] J(diva H)dV + k S(divﬂz H)dV
o
v v v

+ j(H X curl H)dV —%—jgrad (H - H)dV
\4

\4

and recognizing that curl H is zero everywhere in the magnetized body for magnetostatic
fields (and approximately zero for quasi-static or low-frequency fields), we can transform
the above volume integrals into integrals over the surface, S, bounding the volume. The
result is (see Fig. 6)

F:§yo[(ﬂ'ﬁ)ﬂ—%(H'H)ﬁj|dS (11)
S

where

o
4]
1l

element of surface onS

external normal to s at ds.

o>
Il

{\‘ MATERIAL BODY, VOLUME Vv

Fig. 6 — Force on material body;
geometry of Eq. (11)

»

The form of the force given by Eq. (11) has the advantage that integrals need only be
performed over a surface bounding the material body, and thus the details of the internal
field are not of interest. Therefore, this formulation of the force is most convenient for
general use.

Now that the concepts and laws of the classical electromagnetic field have been review-
ed and discussed, they can be applied to derive the electromechanical effects in a variable
reluctance transducer.

MECHANICAL TO ELECTRICAL EFFECTS
In variable reluctance transducers the displacement current term in Eq. (3) is usually

negligible in comparison with the conduction current, and thus this term is normally ignor-
ed in the application of the magnetomotive force relation. This is essentially an assumption

UTIALA

TIEY RY&on
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that the fields are “quasistatic” or “stationary,” and it is normally only at high fre-
quencies that the failure of this assumption will lead to an appreciable “radiation resist-
ance” term. In excluding this term, the effects of electromagnetic radiation are considered
to be unimportant, and this is usually valid for low-frequency fields which have not been
specifically designed for effective radiation.

The application of Egs. (3) and (4) usually follows a well-defined pattern. To illustrate
the general procedure, the example of a current-carrying coil of N turns, which is linked
by a closed magnetic path, is outlined below (refer to Fig. 7):

Step 1: A conduction current i is assumed to be flowing in the coil. The coil current
i is of course not the total conduction current I _ which must be used in Eq. (3). The total
current is I _ =Ni, where N is the number of turns of the coil.

Step 2: The mmf relation, Eq. (3), is used to determine the resulting magnetic field
intensity H as a function of i and the position (x, y, z) in the field. Thus the magnetic field
strength is obtained as a vector point function of the form' (i, x, y, z) which satisfies
Eq. (3).

Step 3: The magnetic flux density B is determined from the expression for the mag-
netic field intensity'H. The result is a vector point function of the form B(i, x, y, z)
which of course must include the effects of the material medium at the point (x, y,z). In
other words the effects of the material must be included through the use of the appropriate
permeability function in conjunction with H(i, x, y, z).

Step 4: The flux linkage A is then evaluated for the contour of interest through the use

of B(i, x, y, z)in the defining integral of Eq. (6). This leads to an evaluation of the flux
linkage as a function of the current i, the geometry and material properties of the flux

path, and the geometry of the chosen contour. The resulting function can be represented
as (i), where the explicit dependence on (x,y, z) hasvanishedas a result of the integration.

Step 5: The electromotive force is then completed for the contour of interest through

the application of Eg. (4). The resulting emf expression is a function of the coil current i,
the geometry and physical properties of the path, and the geometry of the emf contour.

(X‘vy\'z\]

R .‘\’V\‘z\)

Cm

Fig. 7 — Two-turn coil linked by a flux path
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The overall result of the above procedure is a relationship between the current flowing
in the N-turn coil, and the emf around the chosen closed contour. Usually the contour of
practical interest is the one which follows the coil of wire (see Fig. 7), and is closed
through the use of either an external circuit or a field path. The result of step 5 is often
used to justify the statement that the voltage across the terminals of a coil is the time rate
of change of the flux linkage, usually written asv = d\/dt, but this is only accurate if the
coil has negligible resistive and capacitive effects.

In analyzing field configurations for which the flux can be considered to exist in well-
defined tubes of flux, the five-step analysis outlined can be shortened by compressing steps
2, 3, and 4 into a single operation. This is done by introducing a quantity which is referred
to as the “reluctance” of the flux path. Such a procedure has the attraction of suppressing
entirely the explicit use of the vector field quantities and vector integrals. Of course this
method is based on the five-step analysis presented above, and the use of the reluctance
function presupposes a knowledge of the pertinent properties of the magnetic flux tube.

As an illustration of the use of the reluctance parameter, the example of a closed and
well-defined magnetic flux path will be analyzed (refer to Fig. 8). If the geometry of the
path is described by the symbols

A cross-sectional area of the flux tube

P

C

o contour consisting of a closed path around the flux tube

then the flux in the tube can be written from Eq, (7) as
@ = jj B -ap dA,
A
P
where

n, o= unit normal to Ap

dA, =incremental area on A,.

Fig. 8 — Geometry of a flux tube and a coil

If this flux tubé is linked by an N-turn coil which is carrying current i, then the mmf
around the closed tube is '

AT ITLAAUTIANN
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where
Qp = unit tangent vector to C_
i = incremental length on C b

The reluctance of a flux tube is defined as

R-_t __mmf
¢

LS B-ﬁp dA (12)

where in general the reluctance will depend on the properties and geometry of the medium
in the flux tube, as well as the flux magnitude (i.e., possible nonlinear permeability effects).

If this reluctance relation is rearranged in terms of the scalars, mmf, and ¢, it
becomes

mm f
*= R

and the flux linkage of the N-turn coil can be written

}\=N¢>:%mmf.

Inserting the special expression for the mmf (mmf = Ni) the result is

2
}\:E——i

R (13)

which expresses the flux linkage in terms of the turns of the coil, reluctance of the flux
path, and the coil current.

Thus steps 2 to 4 of the general analysis have been accomplished through the intro-
duction of the reluctance function defined in Eq. (12), and this has resulted in a purely
algebraic operation as presented in Eq. (13). The rub in all of this is, of course, that the
definition of the reluctance, Eq. (12), has actually absorbed all of the vector operations
outlined in the original five-step analysis. Although it may appear, in light of this state-
ment, that the reluctance function is merely a subterfuge to conceal the vector character
of the laws of electromagnetics, it is in reality a very useful and convenient function.

The frequent application of the reluctance function in practical situations is primarily
a result of two circumstances. First, the reluctance can be approximately computed
through a simple procedure for a large class of paths which are of interest; and second,
the reluctance function conveniently groups together the geometrical and material prop-
erties of the magnetic flux tube in a single parameter.

The approximate method of determining the reluctance of a flux tube is presented in
Appendix A, together with the resulting approximate formulas. The existence and use of
such formulas should not be taken to imply that the concept of reluctance is itself in any
way a limited or faulty concept. On the contrary, if a closed flux tube exists for which
every closed contour around the tube has the same current linking it (the same mmf), then




NAVAL RESEARCH LABORATORY 13

the reluctance of the tube is given exactly by Eq. (12). The approximation arises as a
practical necessity associated with the difficulties of evaluating Eq. (12) for any reasonable
physical situation.

In using the concept of reluctance for complex flux paths, it becomes expedient either
to utilize the approximate results of Appendix A or to resort to an experimental determi-
nation of the reluctance function. The experimental approach is the preferred method when
any but the grossest effects in variable reluctance transducers are under Ltudy. All sub-
sequent use of the term reluctance in this report will imply the exact reluctance function
defined by Eq. (12), and determined by experiment, unless specifically stated otherwise.

The concept of a reluctance function has served to group all of the geometrical and
material properties of a flux path into a single descriptive quantity. When such a flux path
is associated with an isolated coil of wire (see Fig. 8), it becomes desirable to consolidate
the description of the overall interaction between the current-carrying coil and the elec-
tromagnetic field. This consolidation is accomplished by introducing a quantity called the
self-inductance (or simply the inductance) of the coii.

The inductance of a coil linked only by flux generated by its own current (an isolated
coil) is defined as
) A(i
L(i) =2 (14)

i
where
A(i) =flux linkage of the coil

and where, in general, L depends on the properties and geometry of the flux path, as well
as the explicitly shown dependence on the current (which allows for possible nonlinearity
of the permeability).

As an illustration, the inductance parameter will now be found for the simple example
of a well-defined flux path linking anN -turn coil (see Fig. 8). This permits the use of
Eq. (13) for the flux linkage. The result is

LY =55 (15)

where the possible nonlinear permeability effects in the magnetic path have been included
by representing the reluctance as a function of current. It should be emphasized that

Eg. (15) is an approximate expression based on the idealized model of the N-turn coil linked
perfectly by a flux tube described by R, whereas Eq. (14) is the definition of inductance.
Since this exact quantity can be determined experimentally, the concept of inductance is

not at all approximate. In this report the term inductance will imply the exact quantity,
defined by Eq. (14), unless otherwise stated.

The voltage difference which occurs in a coil due to the interaction between the coil
current and the electromagnetic field can be written using either the reluctance or the
inductance as the basic descriptor of the coil current and field interaction. Both possible
forms are given for completeness:

V-‘-LH—t—-}—l—d—t* (16)

i1

SETTYT ORYTLSUY




14 NAVAL RESEARCH LABORATORY

where
v = voltage difference arising in the coil due to electromagnetic interaction.
Only the inductance form Egq. (16), will be utilized in the remainder of this development.

The inductance form, Eq. (16), can be used to determine the mechanical to electrical
effects which occur in a variable inductance (or reluctance) device. If the electromechan-
ical interaction results from a change in the length of the air gap, or gaps, in the trans-
ducer, the inductance will depend on this air gap length. If, in addition, it is assumed that
the permeability of every portion of the flux path is independent of the flux or current
level, then the inductance is not a function of ¢ or i. This is, in essence, an assumption
that the entire flux path is magnetically linear. Under this assumption the inductance
parameter has the functional form L(x), where x is a geometrical variable representing
air gap displacement.

Thus from Eq. (16) the voltage difference arising in the coil due to the mechanical-
magnetic-electrical interaction can be expressed as

_ di . dL(x) dx
vELO) gt e a an

where the first term is in the same form as the usual electromagnetic effect in a coil but
in this case is an electromechanical term because L is a function of x. The second term
is a completely new form not encountered in standard electrical analysis and is also an
electromechanical term, which in general depends on i, x, and the time derivative of x.

If the coil under consideration has neglibible capacitive effects at the frequency of
operation, then the electrical loop law of Egs. (1) yields

di . dL(x)d .
L(x)ﬁ%»l - —£+Rw1=ve(x) (18)

where
R, = resistance of the wire in the coil
v (x) = external voltage applied across the terminals of the coil

as the basic electrical equation of the device. Note that both of the electromechanical terms
of Eq. (18) are nonlinear forms in the variables i and x. Thus Eq. (18) is a nonlinear
differential equation in i and x.

This equation is the first of the two operating equations of a variable reluctance trans-
ducer. It has been derived through the applications of the classical concepts of electro-
magnetic field theory. Discussion of the consequences of its nonlinear form will be defer-
red until the electrical to mechanical effects in a variable reluctance device have been
considered.

ELECTRICAL TO MECHANICAL EFFECTS

The classical expressions for the electrical to mechanical effects in a variable reluc-
tance device follow from the application of the force law formulated in Eq. (11). In order
to apply this equation it is necessary to determine the H field on some convenient surface
bounding the body of interest. This can be done through the application of the mmf law,

Eq. (3), as was discussed in the preceding development of mechanical to electrical effects.
After findingH, the application of the force integral is straightforward.
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As an illustration of the general procedure, the force on a material body which is part
of a magnetic circuit will now be analyzed (see Fig. 9). Thisfluxtube is assumedtobe linked
by an N-turn coil which is carrying a current i. The derivation of the force acting on the
material body is outlined below in two steps.

Step 1: The magnetic field intensity H in the air gaps is determined as a function of
current i and position in the field (x,y, z). The result is the vector point function H(x, y,
z), which is the same as that obtained by steps 1 and 2 of the preceding mechanical to
electrical analysis.

Step 2: The force integral given by Eq. (11) is applied to the surface consisting of the

side surface A, closed by surfaces A, and A, (which are everywhere normal to the H field).

The force law then reduces to three 1ntegrals (see Fig. 9),

-

F:H #O[(H-SI)H--;—(H'H)QI dA,

Ay

+ ﬁ Fo |:(H T h,) H—%(H “H) fi,| dA,
J g

2

+ H Fo [(H “fg)H —;—(H “H) A, dAj.
A 3
The third integral is identically zero, since all of the flux, and thus the lines of H, are con-

fined to the flux tube (by definition). Tn the first integral Hiand fi, are antlparallel and in
the second H andnz\are parallel, and thus the integral for the force reduces to

F= H <—;,LO|H‘]2 ﬁl> dA, + SS (%uOIHP 62> da,.

1 A2

1
YN S
/ ‘\:é‘a'l’;
/ /\\\/)
! -7 ¢
I
Fig. 9 — Material body ! MATERIAL BODY
in flux tube ‘\
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The total force is thus given in terms of integrals over the two air gaps. Obviously
any change in the geometry of the air gaps (due for example to the motion of the material
body) will change the force. This fact can be explicitly recognized by adopting x as a gen-
eral geometrical variable specifying the configuration of the air gaps and then expressing
the force in the functional form F(i, x). In this fashion the dependence of the force on both
current and geometry is indicated in a concise notation,

AT ITALAUTIANN
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It is useful to consolidate the magnetic to mechanical characteristics of the air gaps
into a single parameter. This can be done by defining the “vector magnetic force factor”
associated with the air gaps as

) _F(i, x)
J(l’x)_—_qﬁ(i, 5
or
H—;#OWIZ ﬁldA1+“ _;#o|“l2 h, da, (19)
J(i, x) = 1 A2
55 B'npdAp
P

where

J(i, x)=vector magnetic force factor
¢(1i, x)=flux through flux tube
A,= cross section of flux tube

A s
n,= unit normal to A/J at dAp

dAp= incremental area on Ap.

Using this parameter the force on the body of intersst can be expressed as

F(i, x) =J(1, x) ¢(i, x)

and the vector magnetic force factor J serves as a describing function for the air gaps in
the same fashion as the reluctance serves to describe a flux tube. That is it concentrates
all of the geometrical and magnetic properties of the air gap into a single parameter
insofar as the magnetic to mechanical effects are concerned.

The next logical step is to define a parameter which will describe the overall inter-
action from the coil current to the force. This can be done by defining the “vector elec-
trical force factor” as

_F(i, x)

1

G(i, x)

or

1 A 1
” 3#01“1%1 dA, +Sj _2#0|H;252 dA,

Ay A, ' (20)

i

G(i, x) =

Since F and ¢ have been previously defined to be

F(i, x)

il

J(i, x) &(i, x)
Ni
R(i, x)

¢(i, x)
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the expression for ¢(i, x)becomes

6(i. x) = N

——(—1—,—)(—).](1, X)

and the force can be written

F(i, x) = G6(i, x) i

17

(21)

(22)

where all of the geometrical and magnetic properties of the air gaps and the overall flux

tube are absorbed into the single parameter 6(i, x).

In the special case where the material body of interest is constrained to translation
along a fixed line (see Fig. 10) the above set of vector quantities can be replaced by sca-

lars. Thus a scalar force, F(i, x), can be defined as
F(i, x) =+ F(i, x)
where
% = unit tangent vector to line of translation.
In addition, expressions for the scalar magnetic and electrical force factors are
J(i, x) =t - J(i, x)

_NJ(i, x)
T R(i, x)

G(i, x) =1+ 6(i, x)
where

J(i, x) = scalar magnetic force factor

scalar electrical force factor.

G(1i, x)
Thus the scalar force can be written

F(i, x) = J(i, x) ¢(i, x)

=G(i, x) i.

(°38)

(24)

(25)

The scalar force F is that component of the veetor force F which is not balanced by the
constraint force acting to confine the motion of the material body to translation along the

given fixed line.

AIR GAP

J—— MATERIAL

T BODY
[ —
e A
. < —_
.

Fig. 10 ~ Constrained
material body

AIR GAP
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The vector magnetic force factor and the vector electrical force factor are obviously
very convenient descriptors of the magnetic to mechanical and the electrical to mechanical
properties of a variable reluctance transducer. However, they are useful in practical
situations only if an easy and standard procedure exists by which they can be computed.
Fortunately, it is possible to derive a simple, approximate expression for J (i, x) for the
class of air gaps which are of usual practical interest. This approximate calculation, and
its results, are presented in Appendix B.

Furthermore, it is always possible to obtain J (i, x) through experimental measure-
ment, and thus an exact determination of this parameter is possible. As in the case of
reluctance, the approximation for J (i, x) is not due to any inexactness in the concept but is
due to the mathematical difficulties encountered in the application of the exact definition of
Eq. (19) to practical situations. In this report the use of the magnetic and electrical gap
force factor parameters will imply their exact forms unless otherwise stated.

The overall mechanical equation of a variable reluctance transducer can now be
derived. If the transducer of interest has a mechanical configuration which is constrained
to translation and can be considered to be composed of a concentrated linear mass, spring,
and viscous damper, then the application of the force law (Newton’s law) of Eq. (2) will
yield

M% + Bk + Kx + G(i, x) i = f_(t) (26)
where the scalar force from Eq. (25) has been used and where
f.(t) = applied external force positive in a direction to widen the air gap
M = mass of the mechanical system
B = linear viscous damping coefficient of the mechanical system
K = linear spring constant of the mechanical system.

Note that the electrical to mechanical term of Eq. (26) is nonlinear in i and x, and thus this
equation is a nonlinear differential equation in the dependent variables i and x.

This mechanical equation is the second of the two operating equations for the variable
reluctance transducer. It has been derived through the applications of the force laws of
classical electromagnetics. Together with the electrical equation, Eq. (18), it serves to
describe the characteristics of the variable reluctance transducer. Now that the mechan-
ical equation has been derived, the consequences of the form of this pair of equations can
be discussed.

DISCUSSION OF THE TRANSDUCER EQUATIONS

In the foregoing sections the overall equations of a variable reluctance transducer
have been derived from the concepts and laws of classical electromagnetic field theory.
The operating equations are given by Egs. (18) and (26) and they are repeated for refer-
ence purposes:

di . . dL dx
L(X)Hi-Rwl +1a—;3= ve(t)
\ (27)
M9—§+BE+KX+G(i, x)i:fe(t)

dt2  dt
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These are a set of simultaneous nonlinear differential equations in i and x, with v.(t)
and f .(t) as the specified independent inputs. No general solution method exists for such o
equations, and they must be solved by series, numerical, or graphical techniques. Thus,
if v (t) and f.(t) are the inputs to the transducer, the development of the transducer char- e
acteristics becomes stalemated by purely mathematical difficulties. i

There are some alternate forms of these equations that can be investigated. For
example, if the current i (t) is considered to be the independent electrical input, then the
equations can be rearranged in the form

. dL dx di .
Ve(t)-laj(g;-d—tL(x)—Rwl(t) (28)
d2x dx . .
M;E +BE+Kx+lG(l’ x) =f_(t)

where v, and x are now the dependent variables and i (t) and f (t) are the inputs.

It does not appear at first glance that any advantage results from this rearrangement,
but if L (x) and G(i, x) are linear forms in x, then an advantage does accrue. Under these
circumstances, the equations become a set of simultaneous linear equations, in dependent
variables v, and x, with time varying coefficients. It should be noted that the condition on
L(x) and G(i , x) is only that they be linear in x, and no restrictive condition has been placed
on their behavior with respect to i. The possible existence of such a set of linear,
nonconstant-coefficient equations reduces somewhat the mathematical complexities of
the transducer problem. However, except for certain special forms of such equations, the
solution methods are still formidable.

One other rearrangement of these equations can be made. Suppose that the geomet-
rical variable,x (t), is considered to be the independent mechanical input. The operating
equations can be rewritten in the form

di . . dL d
ve(t):L(x)a+RW1+1a?’;i (29)
2
f(t) w3 B dX kx s, %) i
dt? dt

which is a set of linear equations for v, and f_. That is, giveni (t) and x (t) as independ-
ently specified functions of time, the values of v () and f.(t) can be obtained exactly from
Eq. (29). In the usual practical case, where v (t) and f .(t) are actually the only variables
which can be specified independently, the use of Eq. (29) is actually equivalent to assum-
ing (guessing!) the possible forms of i(t) andx (t) and determining how closely they sat-
isfy Eq. (27) written in the form of Eq. (29).

In Appendixes A and B, some approximate expressions for the reluctance and gap force
factor parameters have been obtained. 1If the geometrical variable associated with each air
gap is a varying length, then the general displacement variable x represents this variable
length. If the remainder of the flux path is in a single magnetic material of constant cross-
sectional area, then the reluctance of the flux tube can be obtained from the approximate
formulas given by Egs. (Al) and (A2) in Appendix A:

R(x) :—l- + 2x
KA uohg

(30)
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where the factor of two accounts for two air gaps of equal length, and
! = length of the flux path in the magnetic material
x = length of the flux path in each of the equal length air gaps

# = permeability of the magnetic material

fl

&, = permeability of the air gap
A = area of the flux path in the magnetic material

A

o = area of the flux path in the air gap.
For sucha transducer, the magnetic force factor of the air gap can be obtained from the

approximate formula of Eq. (B2):

=q5(i, x)

TG0 Hohg

The electrical force factor can be evaluated from Eq. (24):

JGi, x) N #(i, %),

G(i, x) = N2 = .
R(i, x) HohAy R(i, x)
But,
¢(17 X) :mmf = Ni
R(x) R(x)’
Thus,
N2 i

G(.l, X) =

Kol R2(i, x) (31)

where the value of R(i, x) from Eq. (30) is to be used in Eq. (31). It is obvious from the
above that G (i, x) is not linearly dependent on x even for this approximate evaluation. Thus
Eq. (28) will not become a linear, time-varying-coefficient equation, even as a first-order
approximation.

The consequence of this development is that the form of Eq. (27) requires that a set
of simultaneous, nonlinear differential equations be solved if exact results are required.
Now that this conclusion has been reached, the possibility of an approximate linearized
form of these equations will be considered.

LINEARIZATION OF THE TRANSDUCER
EQUATIONS

The nonlinearity of the transducer equations, Egs. (27), greatly compounds the prob-
lem of determining the general operating characteristics of variable reluctance devices.
In essence, it is necessary to determine the output of the transducer for each individual
input. As a result of this disadvantage, it is of interest to determine whether there is any
general class of inputs for which the operating equations could be approximated in a linear
form. There is one such class of inputs, and this class will now be considered. ‘
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If the inputs are of the form

v (t) =V, + v *(t) 32)
fe(t) =F_ + fe*(t)
where
V. = constant component of v _(t)
F_ = constant component of f _(t)
and

v * = variation of v_(t)around V,

f . * = variation of f.(t)around F,

then each response of the transducer will in general consist of similar terms. Thus, the
responses will be

i(t) =TI, +i*(t)

At) = Ag +A¥(t) (33)

x(t) = XO + xX*¥(t)

F(t) =F, + f*(t)
where I,,Aq, Xo, and F, are the constant components of i, A, x, and F respectively, and
i* x*, x*, and f* are the variations of i A, x, and F around I ;,A,, X,, and F
respectively.

The operating equations can be rewritten in a more fundamental form as

. dA(i, x)
R,1 +-——dt—=_ve(t) .
(34)
d?x dx .
M;—t—g +BE_€+KX +F(i, x) = fe(t)

and if the relations of Eqs. (32) and (33) are inserted it is possible to separate these oper-
ating equations into two pairs of equations. The first pair involves only the constant com-
ponents of the inputs and responses and is

w0t e (35)
KXy +F,=F

e

and the second pair involves only the variational components of the inputs and responses
and is given by

FUTANN

H

837112
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ANk

Rwi*+ I = v *
(36)
2
Md X"‘+B—d—)£i+Kx"‘+f’“:fe‘".

The first pair of equations, Egs. (35), constitute the bias or polarizing equations, and
the second pair is the variational or small signal set of equations. In the original set of
equations, Eqgs. (34), the nonlinearity arose from the » and F terms, which are nonlinear
functions of i and x. Thus it is necessary to obtain expressions for Ays M¥, Fo, and f* in
terms of these original nonlinear expressions. This can be done through the use of a
Taylor series expansion of A and x around the point (I, X,), and the results are

Ay = A(1y, Xo)

Fo=F(I,, Xy)

and the approximate relations

NP2 Y
91 Ix
0 0 (37)
f*.;_a_F i * EE X *
91 x
0 0

where A (i, x) andF (i, x) are the exact nonlinear expressions for the flux linkage and gap
force, and the zero subscript on the partial derivatives denotes evaluation at the point

(Tos Xo)-

The approximate form for r* and f* is more nearly correct the smaller i* and x*
become, and these forms of f* and x* constitute the essential approximations in the linear-
ization process. Before inserting these relations into Eqgs. (36) it will be convenient to
consider the evaluated partial derivatives as incremental parameters. Thus,

[* = S—K = incremental inductance around (I, X )
1
0
g* . = % = incremental mechanical to electrical coupling parameter around (I 0 xo)
X
0
g* . = SF| = incremental electrical to mechanical coupling parameter around (I or Xo)
91
0
h* = gf = incremental stiffness around (I, X,)
X

0

and the variational equations can be rewritten as

)\*:l*i*+g*em X * (38)

f*:g*m 1% +h* X%,

e
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If Egs. (38) are now inserted into Egs. (36), the result is a set of linearized operating
equations for the variational components of input and output. These equations are

dix* . dx*
TR L I TR

l

(39)

d2x* dx*

+ B
dt?

g* e 1*¥ + M

me + Kx* +h*x*:fe*

and they can be solved by standard linear analysis techniques.

An indication of the form to be expected for I *,g* __, g*__, and h* can be obtained by
using the approximations developed in Appendixes A and B. Thus r» and F can be written
in the approximate forms

T B . _ N2
(1,x)_L(x)1_R(x)1

F(i, x) = G(i, x) i=-N2 i2

ol R2(x)
where
l 2x
R(x) =— +——
( KA pohy

and if these are inserted into the defining relations for the incremental parameters, the
results are

2
* = N
R(X,)
g* = - 2N2 __1_9__.
T oA R2(X )
. _2n2 I
me
Hoho R2(X,)
2 1.2
h* = _ 4N 0 .

Thus for this particular set of approximations the electromechanical coupling param-
eters g* . and g+ differ only by a minus sign. In actuality, this result is completely
general and can be derived from energy considerations. However, such an energy treat-
ment would be incompatible with the remainder of this report and thus will not be discussed
here.

SUMMARY

The concepts and laws of the classical electromagnetic field can be used to analyze
the energy conversion process in a variable reluctance transducer. The results obtained
are stated in Egs. (17) and (25). These expressions are based upon the introduction of the
inductance and electrical gap force factor as fundamental descriptors of the electrome-
chanical interaction. The usefulness of these relations in analysis depends heavily on the
ease and accuracy with which the parameters can.be determined.

1T ALUTALA
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When these eléctromechanical relations are inserted in the fundamental electrical
and mechanical laws, expressed by Eqs. (1) and (2), the two overall equations of the single
field transducer are obtained, and these are stated in Egs. (27). They are found to be
nonlinear for the general case, as well as for the specific approximations developed in
Appendixes A and B.

The operating equations can be approximately linearized, provided that the inputs
consist of constant components plus a “small” variational component. The results of such
a linearization is given in Eqs. (35) and (39), and the set of linearized variational equa-
tions, Egs. (39), can be analyzed by the standard methods of linear analysis.

PROLOGUE TO NRL REPORT 6089

The classical derivation of the electromechanical effects, and overall equations, of a
variable reluctance transducer has one serious deficiency. This is the circumstance that
the development of the force and voltage difference (or flux linkage) expressions are the
result of two apparently unrelated and complex methods involving considerable vector
manipulation. As a result, it is not at all apparent that there is any fundamental inter-
relation between these effects, other than their obvious mutual dependence on the state and
geometry of the field. However, exactly the converse is the case, and there does exist a
very simple and striking interdependence between these electromechanical terms.

In order to develop this relationship, it is necessary to consider the energy stored in

- the magnetic field as the fundamental descriptor of the electromechanical interaction. Once
this step has been made, a completely consistent analysis of the energy conversion process
can be developed in which the interdependence of the electromechanical effects explicitly
appears. In this new scheme the inductance and electrical gap stiffness are not primary
descriptors of the energy conversion process. This energy method is developed in a sep-
arate report.*

*R. M. Moore, “The Analysis of Variable Reluctance Transducers: The Energy Method,"
NRL Report 6089, June 1964,




APPENDIX A
APPROXIMATE CALCULATION OF RELUCTANCE

The approximate method of calculating reluctance is based on a series of assumptions
concerning the direction and magnitude of the field vectors H andB. The final results are
given in terms of “effective values” of the various geometrical and material properties of
the flux tube under discussion.

The calculation is based on the assumed existence of a clearly defined, and closed, flux
tube having the same magnetomotive force around every closed contour which is included
in the flux tube. It is desired to evaluate approximately the following definition of reluc-
tance for this flux tube:

§u
c
P

ty dl o
s . - N ’ (12)
2 B'np dAp
P

R =

The calculation method consists of four steps, as given in the following sections.

STEP 1

If the cross-sectional area of the flux tube varies from point to point, and/or if the
material media through which the flux passes changes appreciably, then the closed path is
conceptually subdivided into 2 number of connected tubes. Each of these KX sections is then
characterized by the “effective” geometrical properties,

>
]

. = effective cross section of the kth section

o~
1]

effective length of the kth section and by the “effective” material property

permeability of thek th section

where the use of a scalar permeability implies the assumption of isotropic magnetic prop-
erties for all material in the flux tube.

The use of the scalar permeability assumes that the equation relating the field inten-
sity and flux density is of the formB, = u, H for each section of the tube.
STEP 2

A flux ¢ is assumed to be flowing through the magnetic path, Eq. (7) is used to evaluate
the flux density B, in each section of the tube. It is assumed that B, is everywhere normal

25

FITOIY




26 NAVAL RESEARCH LABORATORY

to the cross~sectional area A, , and that B is constant in magnitude over this area. Thus the
flux can be evaluated approximately as

¢:jJBk-ﬁk dA, =~ B, A,
A

k

where B, is the “effective ” magnitude ofB, across A, and can therefore be expressed in
terms of ¢ as B = /AL

Using the permeability »,, the “effective” field intensity magnitude H, can be expres-
sed as a function of ¢:

#kAk'

The result of this series of approximations is an expression for the “effective” field
intensity g, in terms of the flux ¢ in the flux tube. An unstated assumption in the above
calculation is that there is no leakage flux from the path, and such an assumption is always
implied in the concept of a flux tube.

STEP 3

In the definition of the reluctance function, Eq. (12), the only remaining obstacle is the

evaluation of the mmf around the flux tube. Applying the defining relation for mmf from

Eq. (5), together with the assumption that H, is everywhere tangent to the path of integra-
tion, the result is

where
c, = closed contour in flux tube
A _ .
t, = unit tangent to C,
i = incremental length on C,e

This result is stated in terms of average field intensity H,. Inserting the value for
the H, from the previous step the result is

K K !
mmf = E ¢ Iy =¢ k
M Ay P Ay
k=1

since ¢ is independent of k.
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STEP 4

Inserting the expression for the mmf in Eg. (12) the result is

e
A
kgl.f‘kij l

k
R = =
¢

e Ak ’ (Al)

k=1
Now, if each of the terms in the summation is considered to represent the reluctance
of a section of the tube:

by

Ry =

= =z reluctance of kth section of tube (AZ)
Hi By

then the reluctance expression can be written in the standard form

R:Z R, - (A3)

k=1




APPENDIX B

APPROXIMATE CALCULATION OF THE
MAGNETIC FORCE FACTOR

The approximate method of calculating the magnetic force factor of the air gaps is
based on idealizations concerning the direction and magnitude of the field vectors H and B.
The final result is given in terms of various effective values for the geometrical and mag-
netic properties of the flux path under consideration.

It is desired to evaluate the following integral definition of the “vector magnetic force
factor:”

H L lui%a, aa, H Luglul24, an,
J(i, x) = o : 2 (19)

>

where the areas A; and A, will be chosen to span the air gaps and A _ is any arbitrary cross
section of the flux path, The special geometry which will be considered for this 2pproxi-
mate evaluation is illustrated in Fig. 11. The directions of H relative to A ,and i, are the
same as those in Fig. 9, which was used to obtain the magnetic force tactor equation given
by Eq. (19).
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Fig. 11 — Geometry for Eq. (19)

The approximate calculation method consists of four steps, as outlined below.

STEP 1
The air gaps are assumed to be characterized by the geometrical properties

A=A = A

1 = effective area of air gap

2

x = length of air gap

28




NAVAL RESEARCH LABORATORY 29

and by the magnetic property
jo = permeability of air gap (assumed to be equal to free space)

which means that the B and H fields in the air gaps are related by
B=p,H.

STEP 2

The “effective” magnitude of the flux density B is evaluated in terms of ¢ using Eq. 0.

It is assumed that B is everywhere normal to A, (or A2) and constant in magnitude across
the cross section. Thus the flux can be evaluated approximately as

¢:Ha-ﬁdA=BA

A

where
B = “effective” magnitude of B over A, (or A,).

Thus B can be expressed as

=6

STEP 3
The “effective” magnitude of H over the areas A; and A, can then be expressed as

H- 2

Ko A
where
H= “effective” magnitude of H over A, andA,.
This value for the magnitude of H can then be inserted into the integrals of Eq. (19) to give

2
1 A 1 ¢ A
= H|2f, dA, ==——— 1
jJ- 2,u.0| | ny 1 2,qu 1

1

1 2 A 1 9%,
jj E;/.O|H| n, da, _EMOA n,
Ay

and since A , and ?12 are parallel to the unit tangent vector % of the line of translation, the
numerator of Eq. (19) becomes
2
iy
Mo A

AT ITACUTIAMNA
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STEP 4

The denominator of Eq. (19) is equal to ¢ by definition, and thus the magnetic force
factor becomes

J(i, xy=—2_ ¢ (B1)

and from the definition of the “scalar magnetic force factor” we obtain

J(i, x) :LA. (B2)
Ho




