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ABSTRACT

An equation has been derived describing a com-
plete battery discharge for the case where the current
density is constant. The battery potential during dis-
charge is given as a function of time, current density,
polarization, internal resistance, and other factors.
This equation has a number of practical applications.
It can be used todescribe batterycharges, discharges,
capacities, power evolution, and to predict capacities
and locate errors in experimental data. A simplified
numerical system has been developed for determining
the equation constants from the experimental data.
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THEORETICAL DESIGN OF PRIMARY AND SECONDARY CELLS

Part IV - Further Studies of the Battery Discharge Equation e

INTRODUCTION

This paper is one of a series whose ultimate goal is to determine procedures for
designing batteries having optimum properties such as minimum weight or minimum vol-
ume. In particular, the derivation and application of an equation describing battery dis-
charge given previously* will be more fully discussed. This equation gives the cell
potential during discharge as a function of discharge time, current density, and certain
other factors and it can also be used to describe battery charge curves, capacities,
power evolution, and to predict capacities on the basis of limited data.* This equation
can be used to pinpoint variations in the discharge data due to experimental error, un-
controlled variables, etc.; thus minimizing the amount of experimental data needed.

A complete set of discharge curves can be described by a single equation therefore
making it possible to present in less space a more detailed description of cell charac-
teristics than has been customary in battery papers.

MATHEMATICAL ANALYSIS
Basic Assumptions

The mathematical analysis given here is based on the assumption that the following
conditions are applicable:

1. The anode and/or cathode have porous active materials.

2. The electrolyte resistance is constant throughout discharge.

3. The battery is discharged at a constant current.

4. The polarization is a linear function of the active material current density.

When ionic discharge is the slow or rate determining process, the relationship be-
tween steady-state current density and activation overpotential at an electrode is usually
written as

i = Oea'r}ZF/RT B io e-(i-a)'qZF/RT’ (1)
where i is the apparent current density in amperes per cm?2, i, is the apparent exchange
current density in amperes per cm?, o is the transfer coefficient (0 < a < 1), Z is the
number of electrons transferred in the rate-determining step, F is the faraday, R is the
gas constant, and T is the temperature in K. The steady state activation overpotential

7 is positive for the deposition of cations.

*C.M. Shepherd, '"Theoretical Design of Primary and Secondary Cells, Part 3 - Battery
Discharge Equation," NRL Report 5908, May 2, 1963.
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When the exponential terms are expanded as a series, powers greater than one can
be neglected if » is sufficiently small and Eq. (1) becomes

e (1) (2)

or

- ) g

thus establishing a linear relationship between - and i which is fairly accurate up to the
values of 5 equal to approximately 0.03 volt. If Eq. (1) is applicable to a battery, the
variation of , with change in i can be fitted by a straight line within approximately 0.02
to 0.04 volt up to values of  equal to about 0.2 to 0.4 volt. A potential drop of this mag-
nitude would cover the major portion of the polarization that occurs during most battery
discharges.

Derivation of Equation

In Fig. 1, two solid curves are shown which represent typical battery discharges.
The potential in volts is plotted as a function of it, the quantity of electricity that has
been obtained from the battery at time t. It is assumed in the derivation that follows
that the polarization is linear to the right of point 1. If all factors except polarization
are ignored, then E_, the cathode potential during discharge, is defined as

Ec = Esc - Kc iam ’ (4)

where E__ is a constant potential, K. is the cathode coefficient of polarization per unit
current density, and i_ _ is the active material current density.

|
|

1 ity i
it

b

Fig. 1 - Typical discharge curves used in equation fitting
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The successful use of Eq. (4) as a fundamental equation in the derivation that follows
does not necessarily imply that the theoretical factors associated with Eq. (1) apply to
most battery discharges even though both equations are linear.

The active material current density i, is defined as being inversely proportional
to the amount of unused active material and is also equal to i at the beginning of the dis-
charge. Thus if two-thirds of the active material is used up at some point in the dis-
charge, one-third of it is left and the active material current density is three times what
it was at the beginning of the discharge or 3i. Consequently

i :< QC,>1, (5)
am Qc_lt

where t is the time at any point during the discharge and Q_ is the amount of available
cathode active material expressed in units such as coulombs or ampere hours per unit
area. Q_ is not necessarily the total amount of active material, but is simply the amount
that is available for discharge purposes.

When Eq. (5) is substituted in Eq. (4)

EC:ESC—KC< i >i- (8)

0, - it

Similarly,

=
1

] 0\,
a sa ” Ka Qa—itly (7)

where the subscripts a and c¢ denote the anode and cathode values for the constants
respectively. A sign convention is used here which makes the value of the potential terms
positive.

If 0, is approximately equal to Q_, as it generally is in a well designed battery,
Egs. (6) and (7) can be summed to give

E:ES—K< Q>i, (8)

0 - it

where E = E, + E_ is the potential of the battery (neglecting the internal resistance) at
any time t during the discharge; E_ = E__ + E__ is a constant potential; X = X, + K_ is
the polarization coefficient in ohm ¢cm 2 and @ = ¢, = @_ is the available amount of active
material in coulombs or similar units per unit area.

If Q, is appreciably larger than Q_, then the numerical increase in the value of the
last term in Eq. (7) will be small compared to the numerical increase in the value of the
last term of Eq. (6) as it approaches Q. in value. Consequently the second term of Eq.
(7) can be considered to be approximately constant and the sum of Egs. (6) and (7) will
still have approximately the form shown in Eq. (8). Under these conditions the approxi-
mate values of X, Q, and E_ will be K = K., Q=0Q,and E_=E,_+ E__ - K,i.

sa

When the potential drop due to internal resistance is considered, Eq. (8) becomes

. Q \. ..
E = E, K(Q_it>1 Li, 9)

where L, the internal resistance per unit area, is measured in ohm cm?2 or other suitable
units.
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When Eq. (9) is evaluated mathematically, a set of curves is obtained, one of which
is plotted in Fig. 1 as a dotted line from a to b and a solid line from b to ¢. The initial
drop in potential at the beginning of a battery discharge is not included in Eq. (9). Con-
sequently another term must be added to correct for the difference between the dotted
line potential calculated from Eq. (9) and the solid line that represents the actual dis-
charge potential. It has been found that the expression Ae-Bit © where A and B are
empirical constants, gives an excellent estimate of the initial potential drop in virtually
every case. When this term is added to Eq. (9), the final equation

E - ES—K< >i—Li+Ao'Bit/o (10)

Q
Q- it

is obtained. In a number of cases the initial drop in potential is too rapid to affect the
observed experimental data appreciably and consequently the value of Ae-Bit/C ig
negligible.

That portion of the discharge curve that lies to the right of point b in Fig. 1 could
be predicted from Eqg. (10) if the numerical values of E_, K, Q, and L were known, pro-
viding the basic assumptions were true. However, the labor involved in determining these
values would be so large that it probably would be easier, and certainly more accurate,
to determine discharge curves experimentally. However, Eq. (10) can be fitted numeri-
cally to experimental discharge data, thus determining empirical values of E_, K, Q, L,
A, and B. Such a numerical equation gives an accurate description of the battery dis-
charge and can be used to describe energy evolution, cell capacity, and in predicting cell
capacities. Despite its successful applications, it must be considered to be an empirical
equation since the numerical values of K, Q, and L that are determined in this manner
will vary considerably at times from their true values as defined in the basic assumptions.

FITTING THE EQUATION NUMERICALLY TO
EXPERIMENTAL DATA

There are a number of methods that can be used to determine the numerical values
of E, K, 0, L, A, and B in Eq. (10) from experimental discharge data, most of which
are unsuitable. The least squares solution is particularly involved and time-consuming.
The following approach is easily applied, rapid, reasonably accurate, and is used in {it-
ting Eq. (10) to discharges made at a number of current densities.

In Fig. 1, four points, labeled 1, 2, 3, and 4, have been selected on two discharge
curves which were obtained at the moderately low current density, i,, and the moderately
high current density, i,. The values of E and it at points 1, 2, 3, and 4, are E, E,, E,,
and E, and igt,, i,t,, i t,, and i t,, respectively. These four points are chosen to the
right of the initial potential drop. Thus the value of Ac"Bit/Q js negligible and the poten-

tial at point 2 is found from Eq. (10) to be approximately

E, = E_.-K + i, - Li,. (11)
O 1at2
Similarly,
Q . .
E4:ES—K<6_it4>1a—Lla. (12)

Subtracting Eq. (12) from Eq. (11) gives

Q<iat4 —iat2> :| (13)

E,- E, = Ki, i 3
(Q-i,t) (Q-1,t,)
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The equation for E -E; is obtained in a similar manner and is divided into Eq. (13) to
give

(14)

E, - K i, <jat4*iat2 (Q-ipty) (Q-ipty)
EI - E3 ib ibta_ibt1> (Q*iat4> (O_iatz)
When numerical values of the E’s, i's, and it's are taken from the discharge data
in Fig. 2 and substituted in Eg. (14), a quadratic equation in Q is obtained which is solved
to give a numerical value of ¢. This value of Q is substituted in Eq. (13) and solved to
obtain a numerical value of K. When these values of Q and K are substituted in Eq. (11)
and a similar equation for E , two simultaneous equations are obtained which may be
solved to give numerical values for E_ and L. When these values of E_, L, K, and Q are
substituted in Eq. (10), E is obtained as a specific function of it. The exponential term
Ae-Bit’Q ig determined by difference. The calculation of @ by use of Eq. (14) can gener-
ally be simplified by choosing point 2 in a manner such that i t, equals either i, t, or

1bt1.

The two discharge curves, i_ and i, that are chosen as a basis for these calcula-
tions should be representative of the complete set of discharge curves and should show
no obvious visual discrepancies that would indicate variations not present in the other
curves. They are selected in the following manner. If it is held constant, Eq. (10) shows
that the potential E to the right of point b in Fig. 1 may be stated as a linear function of
the current density i in the form

E = A - B,i, (15)

where A, and B, areconstantsequal to

2.5—
it

9 0-000266 AMP HOURS/CM?2
Es and K <Q — i) L (16) 0-000532 AMP " /o,
04 5-000798 AMP " "
B ®-001063 AMP "
respectively. w-001329 AMP

A fairly good fit to Eg. (15) is 2

shown in Fig. 2 where E has been
plotted as a functionof i forfive values 2.2}~
of it using the discharge data for the
lead-zinc cell shown in Appendix Fig.
A24. The potentials, E at the current
density, i = 0.079¢ amp/cm?, were con-
siderably lower than the straight lines
drawn throughthe corresponding values
of it, thus showingthat this particular
discharge was out of agreement with Lot
the remainder of the data. Variations \

this large were not observed as arule. \
The remainder four values of i gave 18— \
good straight line fits in Fig. 2. Either \
of thetwolow values of i could beused \
for i, and either of thetwo highvalues
could be used for i,. As a rule a plot \

of E vs i for each of two values of it 6 I s
will be sufficient to select satisfactory ° T, 02

values of i, and i,. Points such as A

which were taken past the knee of the Fig. 2 - Potential during discharge as 2
discharge curve should not be used in function of current density for various
makingup these charts of E vs i. Very values of it

EMF (VOLTS)

2.0

-
=8

b
-
Lo
[
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low values and very high values of i are avoided if feasible in selecting i, and i, since
these extreme values have a tendency to be less accurate. With a little experience, i,
and i, often can be selected on the basis of judgment without drawing up a chart such as
that shown in Fig. 2.

If Eq. (10) is a perfect fit for the discharge data, then the plot of E vs i as illus-
trated in Fig. 2 would consist of straight lines intersecting on the E axisat E = E_. If
the plot of E vs i gives lines that do not intersect on the E axis or if they are curves,
then Eq. (10) does not describe the discharge data perfectly. However, Eq. (10) is so
adaptable that it can describe such cases with good accuracy and it has not been neces-
sary to reject any data on this account.

Discharge data was not accepted for study here whenever it was so erratic and full
of error that a plot of F vs i did not give some semblance of a smooth curve. It was
found that all of the data that were acceptable on this basis could be fitted by Eq. (10).
Virtually all of the room temperature discharge data taken from the literature were found
to be acceptable. At low temperatures the available data was more erratic and less ac-
ceptable.

The points 1, 2, 3, and 4, used to calculate the numerical values of the parameters
K, Q, and L, are selected in the manner illustrated in Fig. 3 which duplicates the two
discharge curves in Fig. 1. A tangent is drawn to the high current density discharge
curve at point d and point f is selected to be 0.1 volt below the tangent line. Point d is
determined by eye by laying a transparent plastic straight edge tangent to the curve and
adjusting the point of tangency until i,t, equals 0.5 i t¢. This method is rapid and suf-
ficiently accurate. Point e is located in a manner similar to f.

The value of E for point 3 is approximately 0.03 volt greater than it is for point f.
The value of E for point 4 is approximately 0.02 volt greater than it is for point e. Point
1 is chosen so i_t, equals approximately 0.5 ipt,. I dpte/i t_ is less than 0.7, point 2
is chosen directly above point 3 so that i_t, will equal i, t,. If i t./i_t_ is greater
than 0.7, point 2 is chosen directly above point one so that i t, will equal i t,. This
procedure gives an approximate location of the points which supply the numerical data to

2.0

TANGENT LINE

3 |} 0.1vOoLT

|

| .

| | ®
I |
| |
I |

ip t4 ip igte
it

Fig. 3 - Selection of data to be used in
numerical calculations
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substitute in Egs. (14) and (13), and make possible the calculation of numerical values of
K, Q, L and E_ which can be substituted in Eq. (10) to give a fairly good numerical de-
scription of the discharge data. Values of E vs it for different discharge rates can be
calculated from this equation and compared to the actual discharge data. If the agree-
ment is not good enough, it can be improved by the method of successive approximations.
A new calculation can be made using slightly different locations for one or more of the
four points on the two discharge curves, i, and i, . If the calculated points were too far
away from the measured results in the area to the left of some point such as 4, it could
be corrected by selecting a new location for point 4 which would be slightly to the left of
the old location and calculating a new numerical equation. The points calculated by this
new equation to the right of point 4 would be a little farther away from the true data as a
rough rule than those calculated from the first equation. A fairly good fit should be ob-
tained with the first calculated equation. A very good fit will have been obtained by the
third calculation and each calculation should take less than one hour of time.

Table 1 The values of the 4 points, selected by the
Value of Selected Points from method illustrated in Fig. 3 using the lead acid
Lead Acid Cell Discharge Data discharge data from Appendix Fig. A5, are
shown in the i columns of Table 1. The third
i, =20 i, =100 and final selection of points are shown in the
i, columns of Table 1.
it E it E
If the data from the i, columns are sub-
1 45 11.841 40 | 1.848 stituted in Eq. (14)
2 90 ]1.988 95 11.984
3 90 1.713 95 1.674 1.984 -~ 1.725 20 <200 - 95) Q- 40
4 180 1.837 | 200 1.725 1.848 - 1.674 100 \ 95 - 40 <O - 200>

then ¢ = 255.2.

Substituting in Eq. {13)

1.984 - 1.725 = 20 K[

255.2 (200 - 95)
(255.2 - 200) (255.2- 95)

then K = 0.004274.
From Eq. (11)
E, = 1.848 = E - 100 L - 0.5069.
Similarly

E, 1.984 = E_ - 20 L - 0.1362.

s

il

Solving for E, and L gives

=
n

2.0615
and

L -0.002934.

The calculations thus far are sufficient to give a numerical evaluation of Eq. (9),
which is plotted in Fig. 1 as a dotted line from a to b and a solid line from b to c¢. The
difference in potential AE between this calculated dotted line of Eq. (9) and the true dis-
charge potential is approximated by the term Ae-Bit/Q in Eq. (10). In Table 2, values of

AE vs it are given for each discharge curve of the Edison cell shown in Appendix Fig. Al.
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Table 2
Values of AE in Volts
it {amp-hr/cell)
i
2 5 10 20 30 50 65
2 0.116 | 0.106 | 0.091 | 0.068 | 0.045 | 0.019 0.007
10 0.133 | 0.118 | 0.088 | 0.057 | 0.037 | 0.013 0.002
20 0.145 | 0.123 | 0.087 | 0.050 | 0.032 | 0.008 0.000
40 0.144 | 0.120 | 0.084 | 0.048 | 0.027 | 0.006 0.000
60 | 0.141 | 0.117 | 0.087 | 0.056 | 0.030 | 0.008 0.002
80 | 0.140 | 0.115 | 0.086 | 0.056 | 0.031 | 0.003 0.001
100 0.143 | 0.123 | 0.085 | 0.049 | 0.026 | 0.009 0.003
120 0.153 | 0.118 | 0.085 | 0.049 | 0.025 | 0.010 0.000
Ave.| 0.139 | 0.118 | 0.087 | 0.044 | 0.032 | 0.0095 | 0.0018

The average values of AE vs it in Table 2 are plotted on semilog paper in Fig. 4
and fitted by a straight line whose equation is AE = A¢Bit’0_ The intercept on the ordi-
nate gives the numerical value of A. The numerical value of B/Q can be calculated from
the slope or from a single point taken on the straight line. In nearly all cells the slope
of the straight line is much steeper and consequently the value of AE is much less at
high values of it than in the example shown in Fig. 4 where AE = 0.006 volts at it = 50.
If points 1 and 2 were chosen in Appendix Fig. Al at it = 50 then a correction of AE =
0.006 volts should be subtracted from the values of E, and E, to be used in calculating
the constants in Eq. (10). This value of AE could not be estimated accurately until after
the first calculation had been made.

L
o100}
> -
@
-}
(=]
>
w
<1
0010
0.001 | i | 1 | L ! |
o 10 20 30 20 50 60 70 80

Fig. 4 - Determination of AE from numerical data

DISCUSSION OF THE EQUATION AND ITS APPLICATION

Experimental discharge data for a number of different types of batteries has been
plotted as solid lines in the Appendix. The potential E is shown for various current den-
sities, i, as a function of it which is expressed in amp-min or amp-hr per unit area or
per cell where the area is not known.
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For the purposes of predicting capacities, it is advisable for the end of the discharge
to be taken at a point that is a constant voltage, w, less than the voltage at point 2 in Fig.
1. This defines the potential at the end of the discharge as E_ = E,-Ki-Li-w. If v is
too small in value, the end-point potential will not be past the knee of the curve. If w is
too large, much of the published discharge data will not extend as far as the calculated
end point. A value of w equal to 0.25 volt was found to give a good compromise. Thus
the potential at the end of the discharge is E, = E -Ki-Li-0.25 and is calculated from
Eq. (10). The discharge data in the Appendix has been shown as a solid line down to the
end point E . Wherever the data extended below the end point, it has been shown as a
dotted line.

Equation (10) has been fitted numerically to each set of discharge data thus obtaining
a different numerical equation for each chart in the Appendix. The numerical values of
the constants for each of these equations are shown in Appendix Table A1l. The points
are calculated from these equations. It can be seen that the calculated points give good
fits in every case to the solid lines that represent the actual discharge data. Most of the
discharge data were taken from the literature and selected to cover as wide a range of
current densities as possible. All of the data fitted by Eq. (10) are shown in the Appendix
and no individual discharge curves have been omitted.

Unfortunately the amount of low temperature discharge data was limited and much of
it was erratic when tested by the method illustrated in Fig. 2. Heat is generated inside a
battery during discharge due to its internal resistance and consequently an appreciable
rise in battery temperature can occur during a high rate discharge. Thus a series of
discharges made at a constant ambient temperature would show that the average battery
temperature increased during discharge with increase in the current density i and in
addition would be affected by a number of factors such as cell construction. The effect
on the discharge curves would generally be small at room temperature where the rate of
change of potential and capacity with temperature is generally small. At low tempera-
tures, where the rate of change of potential and capacity with temperature is generally
large, the high rate discharges could be changed appreciably and might make it difficult
to apply Eq. (10) in some cases.

In Appendix Figs. A2, A3, and A12, the discharge took place in two steps and it was
found that a separate equation could be fitted to each step. Two sets of equation coef-
ficients are provided in Appendix Table A1l for these cases. For example, the equation
for the silver cell in Appendix Fig. A2 would be

37.06 . . -0.601t
E = 1.8310 - 0.005138 { ———— ]i + 0.003881i ~ 0.20 e
37.06 - 1t
or
112 . .
E = 1.5567 - 0.0004 { ———— )i - 0.00067 1 ,
112 - it

whichever is higher.

Whenever the calculated values of E_, K, 0, and L are the true values and are not
affected by the choice of the four points, Eq. (10) fits that particular discharge data the-
oretically. Whenever the calculated values of E,, K, 0 and L are not the true values
and are affected by the choice of points 1 to 4, Eq. (10) fits that particular discharge data
empirically. As a very rough rule, a closer approach to a theoretical fit is generally
found in the presence of one or more of the following conditions: the discharge data cov-
ers a narrow range of current densities, the potential drop due to polarization is low, the
electrolyte does not change in composition during discharge, the slope of the discharge
curves before the knee is relatively small, and the ratio it/Q is fairly large and covers
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a relatively narrow range of values of it. Equation (10) is more apt to give an empirical
fit in the presence of one or more of the following conditions: the discharge data covers
a wide range of current densities, the potential drop due to polarization is high, the elec-
trolyte varies in composition during discharge, the slope of the discharge curve before
the knee is relatively large, and the ratio of it/Q covers a relatively wide range of
values of it.

In any case, Eq. (10) is so adaptable that wide variations in its constants, particu-
larly K and L, enable it to be fitted with good accuracy to a very wide range of discharge
data. A large increase in the numerical value of K will be accompanied by such a large
decrease in the value of L that L will often be negative in value as can be seen in Table 2.
Since L is the internal resistance in the original derivation and theoretically cannot be
negative in value, it is obvious that Eq. (10) must be considered to be empirical in most
of its curve fitting applications.

In Fig. 2 the potential is low for the points at i equals 0.0798 amp/cm?2. In Appendix
Fig. A24 the calculated points at this current density are appreciably higher than the
measured values thus indicating the strong likelihood of an error in the measurement.

In Appendix Figs. A22 and A23, both sets of data appear to contain an error in the meas-
ured potential of one of the discharge curves. When there are only three discharge
curves and two of them are correct, it is not possible to tell which one of the three is in
error without collecting more data. A fourth discharge made at a different current den-
sity will, if correct, determine which of the other three curves contains the error.

On the other hand, in either Figs. A22 or A23, or both, the data could be correct in
which case Eq. (10) simply does not give a very good fit to the data. This condition could
be verified by making more discharges at different current densities. Since Eq. (10) is
empirical in much of its application, there is no reason to believe that it should have to
describe fully the discharge of every type of battery.

An examination of the Appendix shows that the difference between the results calcu-
lated from Eqg. (10) and the measured results are often larger at the highest current
densities than they are at intermediate current densities. This larger variation can be
attributed to the high relative dispersion of the data; the fact that the highly simplified
calculation methods given here tend to give the poorest fit at high current densities; and
the fact that the poorest fit is often obtained at the extreme limits when fitting equations
to measured data.

A study of the Appendix shows a tendency for a few of the calculated curves at the
lowest current density to have less slope and a smaller capacity than the observed data.
This condition is most noticeable in Figs. A24 and A25 and seems to be most generally
associated with batteries whose electrolytes change appreciably in concentration during
discharge.

As a rough empirical approximation, it is assumed that the drop in potential in a
battery is directly proportional to the change in electrolyte concentration during dis-
charge, assuming all other factors are neglected. Equation (10) can then be written as

Q

. . -Bit/Q
E—ES-K<m>1—L1+Ae

Cit, (17)

where C is a constant.

To determine the numerical value of C select four points as shown in Fig. 5 which
are far enough past the initial potential drop for the exponential term to be negligible.
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Fig. 5 - Typical discharge curves to be used in
numerical calculation of C

From Eq. (17)

. Q . .
ES = ES - Klb <m> - Li, - Clbts (18)
E, - E.-Ki, [——2 )~ Li,_ - Cit. . (19)
7 s blo-1,c, b bty
Subtracting Eq. (19) from Eq. (18) gives
. Q Q . .
E, - E, = Kiy [Q'— Lt - o= Tt :, + C(igt, —1,t.). (20)
Similarly
. Q Q . .
E, - E, = Ki, [O—ibt,'o- ibt5}+C(1bt7—1bt5). (21)

From Eq. (20) and Eq. (21)

C - iy (.Es _.Es)_" i, (E_s -ED ' (22)
(1 =i )it —iyty)

Numerical values of C are calculated from Eq. (22) and substituted in Eq. (17).
Let E' = E + C it.

T'hen E| = E, tCigty, E,=E,+ Ci_t,, E; = E; + Cigt,, apd E, = B, + Cit,. IfE,,
E;, E; and E; are substituted for £, E,, E,, and E,, respectively, in Egs. (11) to (15),
they can be used to calculate numerical values of @, K, L, and E, in the manner previ-
ously described.

,,,,,,
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Numerical values of Eq. (17) were determined in this manner for the lead-zinc cell
and the fluoboric acid cell shown in Appendix Figs. A24 and A25 and found to be

respectively.

11

0.0181
2.4775 - 0.9237 | ——————
0.0181 ~ it

23.445
1.7104 - 0.00142 | ————
23.445 - it

>i - 0.42951 - 4.251it,

>i - 0.000131i - 0.006 it ,

Calculated points from these equations are shown in Figs. 6 and 7 to give very good
fits to the experimental data.
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25
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CALCULATED POINTS \
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Fig. 6 - Example of improved fit of discharge data
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Fig. 7 - Example of improved fit of
discharge data by use of Eq. (17)
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CONCLUSIONS

It has been shown for a large number of batteries that the potential of a battery dur-
ing discharge over a wide range of current densities can be described very adequately
by the equation

_Bit/
>i—Li+Ac e

E:E—K( :
$ Q- it

where E_, K, O, L, A, and B are constants, i is the current density and t is time, and
K, 0, and L correspond to the coefficient of polarization, the available quantity of elec-
tricity, and the internal resistance, respectively. In the derivation of Eq. (10) it was
assumed that the potential drop due to polarization was a linear function of a current
density which was proportional to the amount of current flowing per unit weight of unused
active material at a given time. The fact that this assumption was effective shows the
adaptability of Eq. (10) but does not prove that the assumption is true for the wide range
of conditions in which Eq. (10) can be successfully applied. In its practical applications,
the numerical values of X, 0, and'L that were derived from the experimental discharge
data often did not correspond to the true values and consequently had no physical sig-
nificance. To that extent Eq. (10) must be considered to be an empirical equation.

A simple method is described for calculating the numerical values of the equation
constants from the experimental discharge data. The equation gives an excellent descrip-
tion of a large variety of battery discharges and can be used to advantage in interpolating
and extrapolating. It makes possible a complete description of battery discharge char-
acteristics, using a minimum of experimental data and at the same time pinpointing ex-
perimental errors in the discharge data.
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ACTUAL DISCHARGE DATA USED FOR CALCULATION

Appendix

OF THE BATTERY DISCHARGE EQUATION

These graphs are discharge data which were used by the author to test the battery
discharge equation (Eq. 10). In these charts the solid lines represent actual discharge
data. The points were calculated from Eq. (10) using the methodsdescribed in this report.

Table Al
Equation Coefficients
Fig. E. K Q L A B/Q T&S?)p Ref.
Al 1.308 0.0003936 | 115.403 0.00390 0.165 0.06564 | Room | Al
Temp
A2 (1)} 1.831 0.005138 37.06 -0.00388 0.020 0.60 27 | A2
A2 (2)] 1.5567 | 0.00040 112.0 0.00067 - - 27 | A2
A3 (1)| 1.3733 | 0.00831 28.68 -0.00543 - - 27 | A3
A3 (2)] 1.0990 | 0.0026 95.753 -0.000965 - - 27 | A3
Ad 1.2112 | 3.464 4,171 -2.579 0.090 7.525 21 A4
A5 2.0615 | 0.004274 255.2 -0.002934 - - Room | A5
Temp
A6 1.3150 | 0.00718 5.623 0.07907 0.18 1.72 Room | A6
Temp
AT 1.1846 | 0.0683 58.68 -0.02045 0.060 0.3465 21 | A7
A8 2.1180 | 0.006888 3.07 0.00264 - - 27 | A8
AS 1.0540 | 0.1059 0.891 0.44 - - 20 | A9
A10 1.3032 | 0.03806 742.7 0.1684 0.060 0.044 21 | AlO
All 1.5761 1 0.1287 0.8608 0.2114 -0.214 | 48.43 Room | A3
Temp
A12 (1) | 1.3153 | 0.0284 2.171 0.00375 - - Room | A3
Temp
Al12 (2) | 1.0640 | 0.00526 8.162 0.00218 - - Room | A3
Temp
Al13 1.3273 | 0.0948 \ 810.4 0.1469 0.040 0.0222 21 | A11
Al4 1.2743 | 0.3343 25.61 -0.269 0.360 2.197 25 | A3
A15 2.003 0.01894 58.31 -0.0150 - - 25 | Al12
Al6 1.2500 | 0.0250 0.953 0.0060 0.095 3.83 27 | A13
Al17 1.7477 | 0.0236 46.72 -0.00159 - - 25 | Al4
A18 0.6750 | 0.004673 588.06 0.02713 0.050 0.00805 21 | A1l
A19 1.6785 | 0.0354 6.846 -0.0215 0.106 1.528 20 | A15
A20 1.2021 | 0.001358 74.67 -0.000241 0.080 0.1386 -18 | A16
A21 1.1902 | 0.0367 | 91.37 -0.03176 0.090 4.394 -54 | Al6
A22 2.1440 | 0.233 0.0142 3.130 - - 27 | A17
A23 1.6861 | 0.0638 t 0.7492 0.0018 -0.026 | 26.24 0 | A18
A24 2.4607 | 0.9722 - 0.01737 0.3589 - - 27 | A19
A25 1.6383 | 0.0016 { 22.135 -0.000459 - - 27 | A20
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