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On the Determination of the Deck Motion of Aircraft Carriers

P. A. CRAFTON

Security Systems and Avigation Branch

Electronics Division

A method is presented for determining the deck motion of an aircraft carrier in terms of the local
reference coordinate system of the ship. Determination of motion is a prelude to prediction, and pre-
diction is required to facilitate safe landing operations under all weather conditions. Both determina-
tion and prediction are necessary in terms of the same local reference coordinate system as that used
by the landing aircraft themselves.

The finding of the deck motion is deterministic rather than stochastic, inasmuch as the probability
of knowing the sea state at any given time and place and the ship's dynamic response thereto is less
than the probability of a landing accident not occurring. The motion would be determined by a dif-
ferential analyzer solving a system of six differential equations of ship motion. Inputs to the differential
analyzer are readings of the accelerometers and the latitude and longitude data of the ship. The
accelerometers are fixed to the body axes of the vessel, and "stable platforms" are therefore not re-
quired. Computation is thus performed only by electronic means.

INTRODUCTION

There are essentially two ways of determining the deck motion of aircraft carriers, and these
two methods basically apply to the determination of the motion of any vehicle. One is a self-
contained method, such as inertial or geomagnetic, and the other is based on the use of guide-
posts such as the sun or the other stars. In the guidepost method, sun or stellar trackers would
be used. If the trackers were optical, however, the method would be foreclosed by inclement
weather. If the trackers were radio telescopes, then the vessel must carry the appropriate an-
tennas which may not be feasible because of their size and dynamics.

One could argue that the deck motion of a vessel would be known if the characteristic be-
havior pattern of the vessel were known for a set of given surface waveforms of the sea. Such
characteristic behavior can be ascertained experimentally, but only for the waveforms used in
the experiments, unless the differential equations of the nonlinear dynamic system of ship and
sea can be obtained. But this argument would be valid only if we could determine the con-
temporary surface waveform of the neighboring sea with sufficient precision from the moving
vessel itself, which is indeed a very difficult thing to do. The input to the "black box" must be
known in order to know its output without measuring that output, even though we assume a
linear box and know the characteristics of the box. If we were to map the seven seas to determine
the probabilistic relationships between the surface waveforms and the location and time of the
year, then, it is argued, the surface waveforms are everywhere and always known. But the
probabilities (assuming that the stochastic tests are exhaustive) would undoubtedly not be
greater than the probability of a carrier-landing accident not occurring, and a stochastic method
of determination and hence prediction would therefore not be as useful as a deterministic one.
This analysis therefore chooses a deterministic rather than a stochastic approach to the matter
of deck motion.

Of the self-contained methods of deck-motion determination, the conventional inertial
method has been chosen, because the technology of its instrumentation is relatively well ad-
vanced. The basic equations for deck motion will be set forth. The solutions of these equations
will be the six generalized coordinates of the carrier deck. An analysis of the prediction of
this motion will follow in a subsequent report. It is the prediction of the generalized coordinates
that is of importance in carrier-landing operations, but we must first know what we need to
predict.

NRL Problem R04-04; ONR Project RF 002-06-41-4200. This is an interim report; work on this problem is continuing. Manuscript
submitted November 5, 1964.
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Previous research* at NRL was concerned with the overall problem of Carrier All-Weather

Flying (CAWF), of which the deck-motion problem is a part. Additionally, some measurements

have been made of the motion of particular vessels (e.g., USS MACON) at sea. Data previously

obtained give an indication of the frequency content of the wave motion of the sea and are

useful in the selection of the numerical parameters of predictors.

DIFFERENTIAL EQUATIONS OF DECK MOTION

An inertial system of motion determination requires a geocentric inertial reference frame,

but the actual carrier landing operation is performed in the context of a local Euclidean coordi-

nate system originating at the aircraft carrier and having the local vertical and the two local

horizontals as its coordinate axes. We therefore require two reference coordinate systems, as

well as several other coordinate systems.

Figure 1 shows what appear to be two sets of Euclidean coordinate systems. One set originates

at the geocenter, and the other set appears to originate at the aircraft carrier. The set apparently

originating at the carrier, however, consists of coordinate lines through the carrier that are

actually part of the set originating at the geocenter. Coordinate system u is the inertial reference

frame. The coordinate axes of u that pass through the vessel's center are called xi. The local

vertical at the ship is axis z1; local horizontal axis z2 is tangent to the latitude curve of the earth;

local horizontal axis z 3 is tangent to the longitude curve of the earth. The zi coordinate axes are

those coordinate lines of the geocenter-originating 7 coordinate system that pass through the

ship's center. Thus 7 rotates about the geocenter as the ship moves over the surface of the earth.

The yi axes are the ship's body axes. Axis yl is the ship's vertical axis, and they' plane is there-

fore the plane of the flight deck; y 2 is the fore-and-aft axis; and y 3 is the athwartship axis. These

axes are the coordinate lines through the ship's center of the w coordinate system originating at

x3
y!3 
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Fig. I -- Geocentric and local ship's

coordinate systems

*See the Bibliography iat the end of this report.

2



NRL REPORT 6215 3

the geocenter. The w coordinate system rotates about the geocenter as the ship rolls, yaws, and 4...

pitches about its center of mass.
The motion of the ship is established if we determine the motion of three noncolinear points

in the ship. We will choose a point on each of the body axes, and will fix our accelerometers C:.,
directly to the body axes, thus removing any need for "stable platforms." At each point P(, on
body axis yl, and at distance X,,) from the center of mass of the ship, we will establish a coordinate
system y(,) such that each axis y(',") is respectively parallel to yi. The accelerometers are mounted
at each point such that the axes of the instruments are respectively parallel to the body axes of
the ship. Since, however, the ship has six degrees of freedom and therefore six generalized
coordinates, only six, rather than nine, accelerometers need be used. At P111, we will mount two
accelerometers with axes respectively parallel to y 2 and y 3 ; at P(2), we will mount two accelerom-
eters with axes respectively parallel to y', and y3; and at P(3), we will mount two accelerometers
respectively parallel to y' and y 2 .

We will let the ei be the base vectors of the u coordinate system and therefore of x as well.
The ai are the base vectors of the w coordinate system and therefore also of y, and the bi are the
base vectors of the 7 coordinate system and therefore also of z.

The position vector of the center of mass of the ship is R, and the position vectors of the
accelerometer points P(,) are respectively r(,). We therefore have

r(.) = R + X,() a. (1)

and the acceleration of point P(,) is therefore

i- = iR + X(. )t. (2)

In terms of the coordinates of point P(,) in the w coordinate system (which is essentially the body
coordinate system), the position vector is

r= aiWe + X.) a< = ai(w + X( i8,) (3)
(C) (C)

where the wi are the coordinates of the ship's center. The velocity of P(,) is therefore(C)

r(,) atw ai.' + X(a• iti (W(c) + k,) 8•) + azii

=iw(i) + a'woe (C) (4)

and the acceleration is

r(0 ) = ai w' + 2ii ti + ai Wc) + X( 0) ai=ai (w , + X ,() 84) + 2aCi c + ai ic. (5)(c) (c) e e tc (c)i% (c)v ~ (5

But

a ujai = ej - (6)awt

where the ey are constant, and hence

d auJ
ai = ej - -w (7)

dt aw2
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and

d
2 alUaii =e. dt--. (8)

Since 
d 2 

aW(

aWk
ej = ak 1 (9)

we obtain auJ

awk d aujii = ak _u d _w (10)

au' dt 8w'
and

awk d2 ujii = ak Ou d20c 11

In a carrier-landing operation, we are interested in the motion of the carrier in the context

of the -q coordinate system rather than of the u coordinate system. We therefore write

aWk _wk aqm

and 8uW a- m 8u (12)

8wi - an" awi" (13)

Thus

d au_.J =Ou d a0i• + an d aul (14)
and dt 8wi - q" dt 8wi 8wi dt 0•"

d2 aWuj u d 2 a7+ d auJ d n' +_nn d2 auj
dt 2 8w' + 2 (15)

dt2 aw - 0"0 dt 2  dtn dt +wi 2wi d8 w1 7"

The sets of equations of transformation between w and q and between q and u are linear, and

therefore awk/lnq2 and -qn'/8uj are independent of the coordinates themselves and are func-

tions of the angles describing one coordinate system in terms of the other. The angles between

w and 7) are their set of Eulerian angles, and the angles between q and u are the earth's longitude

and latitude of the position of the ship. The Eulerian angles between w and q define the roll,

pitch, and yaw of the ship about its center with respect to the local reference coordinate system Z.

They are therefore three of the six generalized coordinates of the ship. The remaining three

generalized coordinates are the coordinates q('c) of the ship's center, essentially in its own local

reference coordinate system.

Let the Oi(t), i = 1,2,3, be the Eulerian angles. And let ý be a spherical coordinate system,

shown in Fig. 2, originating at the geocenter; ý2 is the longitude relative to the nonrotating u

coordinate system, and ý3 is the latitude, of the vessel's position on the surface of the earth.

We obtain
d 8or" - __2 _id_ 8w' a2 q (16)dt awi aow o~P

and

d 8Wi a
2Ujd OuJ 02uJ•-•.(17)

dt aOl" a7," a•r
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Fig. 2 - Spherical coordinate system

for the ship's location

Therefore,

and

d
2 

ar
l
n d a7 / 8p 4__p _q + __ 41

dt
2 -w- dt 8wi 8OP / Wi a84p 8 q~q w- i aIp

d2ua d 8
2

u a 8
3
1j a

2
uj'

dt2 qn _dt \qn er ) .,n 6, a r a ar

(18)

(19)

Substituting Eqs. (16) through (19) in Eqs. (14) and (15), we obtain

d auJ 8uW a 2  
--n 8r + 

2
uJ "r

dt 8wi - ?)2 wi 0w P awi 8l•-w -2 (20)

and

d =U+ ouj +3+_n ( -t ,e ++ I a 1r). (21)dt2 8 7n (wi 8 0w a8 q 8wi a08 /p awl

The time derivatives of the base vectors can now be written as

8wký d 8Wi 8wk a87, M u a 8U7,.22 87,n22 2Uj
-7 02Uai = a.uak ak " ui \a-W aWi 0€p Oi an (_ r

aui dt aw2
87a28 ~~ w ~ w2 ,8r

(22)

and

awk d 2 awuJ
a a. uj dt2 awl

8Wk 8a,,m M i8W / 83W 71nan
a 00 + )qma ll a--- (u-- a wi aCp a~q ýwi a~p

/ 3j a 2Uj
- e7" 3  

re, + _ e.r)
8w2 (an ae" r afs 87,," ar)I

(23)
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Substituting Eqs. (22) and (23) in Eq. (5), we obtain

8wk 87,m (aUJ 827,n p + 8,"n a
2
uJ

rw ac iW(k) + 2a/,. Vi 8a•l" auj \ a• wi a~p awi a7)n aý, (C

8Wk 87,") 8387" 8 a232 " + 87," . 3 Ua qr S
"" ak Pu /O_ + --- _ +--6T

+a8,' 8W 8w2  l, aw' 8," aU 08"S

+ __n a (wC) + X(.) 8a). (24)

Since

w(,).+ X,,) w8i (25)

we can neglect the last term of Eq. (24), and the components of r(,t are

a wk 8.,"m ( auj 827,2 8 7" 82u rr'\
A k ~jj(k +2 i + *i'~e

( ý)() + 8 7,m a8W 87," 8wi 8pP 8w2 
87," aý, (C

8Wk a7]"' [8Wl (aw 8l7j, . a27,22 a a8~2 ( 8
+ - 5- -- (c)-- + 1 er s

87,m 8W 87," 8w' 80p 80q 8W2 
0p / uW n\iJ7

+ -2U wj (26)
87," ' 0 1 (W)"

The actual readings of the accelerometers are

hk) = Ak g k (27)

where the gk are the components in the w coordinate system of the gravitational field intensity
g. Since components of g are usually given in 7,, we write

8wk
g k(w) = yl (7) a7k (28)

where the y, are the components of g in 7,.

Equations (27) are the system of six differential equations of motion of the carrier deck;
k, a = 1,2,3, but a # k. The solutions of this system of differential equations are the three
wi()(t) and the three pi(t). The hk)(t) are the forcing functions of the system.

The pi(t) are three of the generalized coordinates of the carrier deck. The remaining three
generalized coordinates are

7,' =7 71(w1 w 2 . Wc; P1, 02, P )) (29)
7 c)=(C) ,c (C) (C)' (C)

which are functions of the wC) and of the P1 .

EQUATIONS OF COORDINATE TRANSFORMATION

The orthogonal transformations give rise to linear equations of coordinate transformation.
In order to obtain the equations of coordinate transformation between w and 7,, we cause 7, to
undergo three successive finite rotational displacements 4). The first rotation is that of 7, about

6
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Fig. 3 - Eulerian angles

axis 713 to obtain another Euclidean coordinate system 7, as shown in Fig. 3a, whose base vectors
are ci. This first rotational displacement is the first Eulerian angle 4)1. The equations of co-
ordinate transformation between 7, and 7, are

5=' AqJ

where

/ cos 4)1 sin 40 0
(A1)=(-sin 01 cosP' 0).

0 0 1

(30)

(31)

The second Eulerian angle is the finite rotational displacement P 2 of ij about axis _l' to obtain
the Euclidean coordinate system ij (Fig. 3b), whose base vectors are di. The equations of co-
ordinate transformation are

= BJ ijJ

/1 0 0
(Bj) = 0 cos 2 sin P 2 .

- sin P 2 cos P2/

(32)

(33)

The third Eulerian angle is the finite rotational displacement P 3 of-= about =3 to obtain the
Euclidean coordinate system w (Fig. 3c), whose base vectors are the aj. The equations of co-
ordinate transformation are

Wi = Cji --7 (34)

cos 03 sin 03 0
(Cj) -sin4) 3 cosA 3 0.

0 0 1)

(35)

The overall equations of coordinate transformation between w and q are therefore

Wi = F{ 7 i (36)

where

where

7
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Fi - C Bk A-
j k fl j

and therefore

cos 4)2 sin 0 1 sin (A3

( ) -- sin P 3 
cos P1

- cos •2 sin 4b1 cos 4P3

sin 01 sin 0
2

cos 03 sin 0'
+ cos 4)2 cos 01 sin 03

- sin 43 sin 0b
+ cos 02 cos 0' cos 03

- sin P2 cos (P'

sin 02 sin 03

cos 03 sin 4,2

COS P1)2

The inverse equations of coordinate transformation are

",qi = 'q 'j

where the matrix (EJ) is the inverse of (Fj) and is therefore

f COS ' COS ('s
3  - s sin 03 cos (P( cos 4 sin 01 sin 03  - COS 02 sin 01 cos 03

(EJ) = cos 0
3 sin 01 - sin 0

3 sin 01

+ cos P 2 cos 01 sin (P3  + cos P2 cos 0' cos P 3

sin d)2 sin 4)3 cos 03 sin 02

sin P 1 sin 4A2

- sin 402 cos ) •

COS J2

The transformation 7, - u is also linear and involves the longitude and latitude angles,
e2 and e, respectively. In order to derive these equations of coordinate transformation, we at

first consider the finite rotational displacement of u about u3 through a finite angle 62, resulting

therefore in a coordinate system ip (Fig. 4). This first orthogonal transformation is

q4 1 = u' COS 2 + U12 sin e2

1P 2 = - ul sin e2 + u 2cos e
2 (41)

1P3 - U3.

We then rotate 4, through a finite angle ý3 about axis q;2, resulting therefore in coordinate

system 7,, as shown in Fig. 5. This second orthogonal transformation is

"7,1 = to' cos e3 + toa sin e3

732 = -
sc2

713 = -- q1I sin e3a + to3 COS 63a.

(42)

The overall equations of coordinate transformation are

Y, = HU u43

8
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(37)

(38)

(39)

(40)

(43)
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Fig. 4 - Orthogonal transformation

due to longitude

Fig. 5 - Orthogonal transformation
due to latitude

where the Hi are

/cos s•cos :(Hj) = sin ý2

sin 63 cos 62

sin 62 cos 63 sin 3\

COS 6
2  

0

- sin e2 sin e3 cos e3

The inverse equations of coordinate transformation are

U i = K' j Ti

where the matrix (Kj) is the inverse of (Hj), and is therefore

/cos •: cos
(Ks) = sin e2 cos

\sin e3

sin ý2 - sin ý3 cos

cos e2 - sin 2 sin 3

0 cos e3

We therefore have

u3 3

9

4, 3

4"....

I•,.

*,2

2 2

2 2

U'

(44)

(45)

(46)

8wi

87,' - H?8qi _K
--. Ej

aui

aui = Kj.

(47)
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Upon substitution of Eqs. (26) and (28) in Eq. (27), we obtain the differential equations of
motion of the carrier deck as

8k Wk a?? m/ (8u-1.a 871 n 87,"n 82ui i' +8Wk 87l," [W a38 371f n 1 q
( 7lm a8Wj 87,n 8w2 8p P W+ w

2 8" a{ r ) wC +wl 7,m 8 [7" aOwi 8P apo

+ a77 PP + .~ j (rs+ a2 rj c y I a-y hk Wt

8wi / 8w2 \a87," 8 r 8.:s 87," W a-i 87, = h

(k,a - 1,2,3; a 5 k) (48)

where the :2 and 63 give rise to coefficients that are also explicitly dependent on time.

CONCLUSIONS

This report has presented an analysis of the deck motion of an aircraft carrier and has derived

the system of differential equations of motion. Motion is ascertained by the solution of the

system based on accelerometer readings and on latitude and longitude data as inputs to the

system. The accelerometers would be attached to the body axes of the vessel, and therefore no
"stable platforms" would be required. All computation would therefore be by electronic means

alone.

Current information on the generalized coordinates of motion is required in order that the

coordinates 6e predictable in time. Thus the outputs of the differential analyzer solving the

system of differential equations become the inputs to a six-channel predictor.

Motion determination is based on motion measurement rather than on the dynamic response

of the vessel to a given sea state; the sea state cannot be determined with sufficiency from the

moving vessel itself, and the behavior characteristics of the ship cannot be adequately pre-

determined owing to the nonlinearity of the dynamic system of sea and ship.
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