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ABSTRACT

A mathematical model was derived of a 36-element, biplanar
array of variable-reluctance, two-mass, quasi-dipole, acoustic
projectors. It was assumed that mutual interactions and scatter-
ing may be neglected and that all projectors in the same plane
have the same acoustic load. Various projector element proper-
ties and array properties were computed with the aid of an elec-
tronic digital computer as a function of frequency and several
combinations of acoustic radiation loading and "arbitrary" con-
ditions. The arbitrary conditions were (a) the separation of the
two planes, (b) the phase angle by which the input voltage of the
rear plane leads the input voltage of the front plane, and (c) con-
stant and equal input current magnitudes for the two planes. The
projector element properties computed were (a) the radiating
surface velocity magnitude, (b) the phase angle by which the radi-
ating surface velocity leads the input voltage, and (c) the input
impedance; the array properties computed were (a) the acoustic
pressure at a point in front (and in back) of the array, (b) the
acoustic power, (c) the directivity index, and (d) the efficiency.
The model illustrates the alteration of the unidirectional radiation
of the array as a consequence of unequal radiation loads on the
two planes. The model also indicates a limited improvement in
the unidirectional radiation due to the addition of tuning capacitors
in series with the individual projectors.

PROBLEM STATUS

This is an interim report on one phase of the problem; work
is continuing.

AUTHORI ZATION

NRL Problem S02-07
Project RF 001-03-44-4052

Manuscript submitted October 21, 1964.
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THE EFFECTS OF UNEQUAL RADIATION LOADS
ON THE UNIDIRECTIONAL PROPERTIES OF A 36-ELEMENT

BIPLANAR ARRAY OF ACOUSTIC PROJECTORS

INTRODUCTION

Biplanar arrays of projector elements are characterized by the arrangement of the
projectors in two planes perpendicular to a common axis (hereinafter referred to as the
principal axis) and circuitry capable of maintaining different driving signals to the pro-
jector elements in the two planes. These arrays are attractive because unidirectional
beam patterns exist under certain conditions without the use of pressure release mate-
rials or reflectors.

Figure 1 shows a 36-element, biplanar array of XEM-4B projector elements. The
XEM-4B projector element is a variable reluctance, two-mass transducer which has a
resonant frequency of about 1.8 kc. The back-to-front suppression of this array has been
measured experimentally (1) for several combinations of the following "arbitrary" condi-
tions, which are assumed to be constant with respect to frequency: The first condition is
the separation di of the two planes (Fig. 1). The second condition is arg (ER/EF), which
is the phase angle by which ER, the input voltage to rear plane, leads EF, the input volt-
age to the front plane. The symbol arg is defined by

arg +i arctan
\c + jd - ac+bd/ "

F- Fý R F R F R F
R F F F

SR F R F R F PRINCIPAL:__ J AXIS
R F R F R F R

'•] R F R F R F

R:--• F R F R F R

SECTION AA FRONT VIEW

Fig. 1 - A 36-element, biplanar array of
XEM-4B transducer elements. The elements

denoted F and R are located in the front and
rear plane respectively. The principal axis
is the normal ray emerging from the center
of the front view. The transducer elements
vibrate in a manner such that their velocity
vectors remain parallel to the principal axis.
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The third condition is the equality of the magnitudes of the input currents I IF1 = IIR.

The measure of unidirectionality is back-to-front suppression s(f) defined (2) by

JR( f, 180°)~ Ip( f,l180°5
S(f) = 20 log JR(f, 0 °) l - 20 log P(f, 0 °)(

JR(f,0 )ý p(f,0o)1

where R( f, y) is the radiation-pattern function of the array and p( f, y) is the acoustic
pressure measured at a constant distance from the center of the array in the horizontal
plane, with f being the driving frequency and y the angular deviation of the far-field
point from the principal axis.

The present report gives the derivation of a mathematical model for the 36-element,
biplanar array of XEM-4B projector elements. The model is used to compute the uni-
directional properties of the array for several combinations of the "arbitrary" conditions
and acoustic radiation loading. Finally, the model is used to show the effect of series
tuning capacitors on the unidirectional properties of the array.

DERIVATION OF THE MATHEMATICAL MODEL

The model assumes that mutual interactions and scattering may be neglected. The
usefulness of this particular mathematical model of the biplanar array is diminished by
the arbitrary assumptions about the acoustic radiation load seen by the transducer ele-
ments of an actual biplanar array; however, the model does illustrate the effects of un-
equal radiation loading on the unidirectional properties of a biplanar array.

The equations which comprise the mathematical model of the 36-element biplanar
array are based on the following two "simplifying" conditions: 1. all transducers in a
given plane see the same acoustic radiation load, and 2. the transducers in a given plane
have the same input voltage. These two simplifying conditions and Eq. (9) imply that all
projector elements in a given plane of the biplanar array have the same radiating surface
velocity. It follows (3,4) that the horizontal radiation pattern function R(f, y) of the bi-
planar array is the product of the radiation pattern of the projector H( f,y) and two one-
dimensional array pattern functions:

R( f,y) F( f, -) G( f, -) H( f, y) (2)

H( f, y) satisfies the condition

H(f,y) H(f,-y) - H(f, 77-/)

The radiation pattern of either plane is given by

G(f,y) = (1/3) (cos p + cos 3Tp + cos 5p) (3)

where (p =(do/c)(f siny) and do is the intra-planar separation of elements (Fig. 1).

F(f,y) is a two-element endfire array pattern function given by

F(f,y) = LUrF e + URI e (4)

where 1 27r(dl/c)(f cos Ty), o = arg (UR/UF), and UR and uF are the radiating surface
velocities of the projector elements in the rear and front planes respectively.

2



NAVAL RESEARCH LABORATORY

Since

[P(f,7T)lp( f 0) lR(f,0)I
IR(f, 0) 1

JF( f,,m)I

IF( f,o)I

3

I.,

(5)...

the back-to-front suppression of the biplanar array is uniquely determined as soon as
the plane separation d, and velocity distribution are specified.

For example, let uR/uF = e . The two-element endfire array pattern function
becomes

(6)

and the back-to-front suppression is given by

cos (1/2) 27T - f) + % 2

S( f) = 10 log 
cd )COS 1/2 [-2T

(7)

The back-to-front suppression for a biplanar array satisfying the conditions UR/U F e j/2

and d 1 =8 in. is given in Fig. 2.

'/4

d i/X

3/4

3 4
FREQUENCY (KC)

5

Fig. 2 - Back-to-front suppression S(f) of the 3 6 -element biplanar
array for the conditions dI = 8 in. and uR/uF = e j,/2. At dl/X = 3/4
the direction of the unidirectionality reverses, that is, p(f,o) 0
and p( f,r) #0, whereas at dx/X =l/4and5/4, p(f,v) =Oandp(f,o) #0.

F(f,-y) = cos (1/2)(q¢-q0)
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The velocity distribution of a biplanar array satisfying the simplifying conditions is
given by

uR uR+ ER uF1%0 e rg- UF rg E ± erg -F erg -F

U F EP F E F

IuRI -= I RI IZRI IIRI (8)
JERI Zj R

IUFl = IUe i IZFI IFl

where IF1 = I IRI = constant and arg (ER/EF) = constant are "arbitrary" conditions.

The input impedances (zF and zR) as well as the quantities UF /EF and UR/ER, are
functions of the parameters of the XEM-4B transducer and the radiation load on the front

and rear planes of the biplanar array. These parameters are illustrated by Fig. 3.

ACOUSTIC

EXTERNAL RADIATION
TO ELEMENT XEM- 48 TRANSDUCER ELEMENT LOAD

Ct Rc L, T:I Gm S Mr M w Gw

E T T

S;L

Fig. 3 - Equivalent circuit of the XEM-4B transducer, which is a
two-mass, variable reluctance, single-air-gap shakerbox. From
left to right, ct is the series tuning capacitor, R. is the clamped
resistance of the element, L, is the clamped inductance of the ele-
ment, T is the turns ratio of the electromechanical transformer,
G. is the mechanical conductance of the transducer springs, S is
the stiffness of the transducer springs, Mr is the outside or radiat-
ing mass, Mi is the inside or nonradiating mass, M. = 8pcA/ is the

imaginary part of the acoustic radiation load, and G. = apcA is the
real part of the acoustic radiation load.

The velocity u of the radiating mass and the input voltage E oi an XEM-4B trans-
ducer are related by the expression

u jM.i T

E Z(M+ jN) (9)

where j r-1, & = 27f (the angular frequency),

M = GmoGw + S(Mr+Mi+Mw) - WJ
2 (Mr+r+Mw) Mi

4
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and

N = Gmw(M r+Mi+M w) + Gw (WM - ). (11)

Equation (9) and the expressions for the input impedance are based on the equivalent cir-
cuit of the XEM-4B transducer given in Fig. 3. The input impedance of the transducer
element is given by

Z (Rr+ T2G 2 ) +( Lr 2
2 j (12)Z =RcG2 + B2]+jL G2 +B2/ &)Ct

where

G Gm + Ge (13)
S

B WM (14)

in which

W 2 G
Ge 2 2 2 + (15)

Gw + ()Mr+Mi+M)

Mi [GW + 0 2(M+Mw)(Mr+Mi+Mw)1Me += (16)
(,2 2G+ 2(Mr + Mi+Mw

The clamped impedance of the projector element is

Zc = Rc + j wLc

and the impedance of the capacitor which is in series with the individual projector ele-
ments is

Zct -
Ct

where Ct = 00 unless other values are stated explicitly.

The computed phase difference between u and E (i.e., arg (u/E)) is plotted in Fig. 4
for several acoustic radiation loads on the XEM-4B transducer.

Equation (1), which gives the back-to-front suppression of an array, can be written as

S(f) = 10 iog p(fm)1 2 
- 10 log p(f,0)1 2. (17)

Since IIR[ it = constant (an arbitrary condition), the back-to-front suppression is the
difference of two constant-current transmitting response curves (which will be plotted in
decibels above 1 /ibar per amp per plane at 1 meter).

The acoustic pressure produced by the biplanar array at the far-field point on the
(y = 0) portion of the principal axis is given (5) by

5
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1.9
FREQUENCY (WC)

Fig. 4 - Computed phase angle (arg (uE/)) by which the radi-
ating surface velocity of an XEM-4B transducer leads its
input voltage for several acoustic radiation loads. (The sym-

bols ý and /3 are defined in Fig. 3.)

p 2( f,) Pc P(f)
4T rr D(f) (18)

where r is the distance between the array and the far-field point, pc is the specific
acoustic impedance of water, P(f) is the total acoustic power generated by the array at
the frequency f, and D( f) is the directivity ratio of the biplanar array at the frequency f.

The acoustic power generated by the biplanar array is given by

P(f) npc--A (aF IUF12 + aR iuR2) (19)2

where n = 18 is the number of elements in each plane and A is the area of the radiating
surface of the individual transducer element.

The directivity ratio is given approximately by

1 / 2 IR a ,Y r) 1 2=

D(f) = -ý f R(f,0)2 sin -d-. (20)

since the beam pattern is not an exact body of revolution.

The acoustic pressure for the field point on the 7v7 portion of the principal axis is
given by

p(f 7) 2 = p( fO) 12 IF(f, ) 12 2

IF(f,O) 12

6
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This completes the derivation of the mathematical model. The remainder of this
report is devoted to the presentation of the computed properties of the array. The corn-
parable experimental data is given where available.

NUMERICAL RESULTS

Figure 5 gives the experimental constant-current transmitting response curves for
the arbitrary conditions di = 8 in., arg (ER/EF) = 70, 90, and 110 degrees, and IRI = I IF1
= 1 ampere.

Figure 6 gives the constant-current transmitting response curves calculated from
the mathematical model for the arbitrary conditions d, = 8 in., arg (ER/EF) = 90 degrees,
and IR1 =I IF= 1 ampere and the acoustic radiation load on the projector elements in
the rear and front planes

Za. = ZaF

where the acoustic radiation load on the projector elements is given by Za = Gw + jMw
(+ j/3)p cA (see Fig. 3).

Theoretical beam patterns for the biplanar array satisfying the above conditions are
given in Fig. 7 for the frequencies 1600, 1820, 1900, and 5500 cps. The frequencies 1820
and 5500 cps correspond to quarter and three-quarter wavelength spacing of the two
planes of the array.

It follows from Eq. (8) and Eq. (9) that if zýR = ZrF1 then UR/UF - e0 where

0o = arg (ER/EF). In this case the back-to-front suppression in Fig. 6 is the same as the
back-to-front suppression in Fig. 2.

The transmitting response curves in Fig. 8 were chosen to illustrate how the back-
to-front suppression is affected by changing the resistive parts of the acoustic radiation
load on the array. The reactive portion of the acoustic radiation load and the arbitrary
conditions are kept constant.

In Fig. 9 (along with Fig. 13(a)) the reactive part of the acoustic radiation load is
varied while the arbitrary conditions and the resistive part of the acoustic radiation load
are kept constant. In Fig. 9(a) the acoustic radiation loads on the two planes are almost
equal. As a result the back-to-front suppression is near maximum when the two planes
are V/4 apart. In contrast, there is no back-to-front suppression at resonance in Fig.
13(a).

The parameter arg (ER/EF) is varied in Fig. 10, while the plane spacing d1 and the
acoustic radiation load are held constant. This particular illustration has assumed large
values for the radiation load experienced by the elements. The addition of an acoustic
cavity on the transducing element is a potential approach to these assumptions, but a
cavity approach is much more complicated than the above assumption in that the apparent
cavity transformation of radiation load is frequency dependent.

The pair of experimental constant-current transmitting response curves given in
Fig. 11(a) (arbitrary conditions d , = 4 in., arg (ER/EF) = 70 degrees, and IIRI I =

1.0 ampere) is a typical example of the experimental transmitting response curves for
the biplanar array satisfying di < 4-1/2 in. Figure 11(b) plots the constant-current
transmitting response curves for the equal acoustic radiation load

ZaR = Za = (0.4+jO.2)pcA.
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dI/X
1/2

'/4
3/4 5/4

FREQUENCY (KC)

Fig. 6 - Computed constant-current transmitting response curves
for the arbitrary conditions d- = 8 in., arg (ER/EF) = 90 degrees,
and 1IRI = 1,11 = 1 ampere and the radiation load Z.R = ZýF =
(0.4 + jO.2)pcA. These curves represent idealbehaviorof the array
for the arbitrary conditions specified.
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Sf=1820 cps

f . cps

I_ 900cps
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Y (DEGREES)

Fig. 7 - Computed beam patterns for the arbitrary
conditions di = 8 in., arg (ER/EF) = 90 degrees, and

I I I 'IF = I ampere and the radiation load Z R
Z - (0.4 + jo.2)pcA
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(a) EXPERIMENTAL

50K

40c I I II I
1.0 2.0 30 4.0 5.0 6.0 7.0 8.0 9.0

100

90

60

50

1.0

d = 4"

arg ER= 70o

aF =0.5

,SF =0.8

aR 0.4

,R 0.2

2.0 30 4.0
FREQUENCY (KC)

5.0 6.0
7.0 8.0 9.0 10.0

Fig. 11 - Experimental and computed constant-
current transmitting response curves
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C:

Figure 11(c) gives the computed constant current transmitting response curves for the
acoustic radiation load

z,aR

z aF

(0.4+10.2) pcA

(0.5+ jO.8) pcA.

The velocity distribution on the array is given in Fig. 12.

The effect of tuning capacitors (placed in series with the individual projectors) on
the back-to-front suppression of the biplanar array is demonstrated by an example. Let
the array satisfy the arbitrary conditions d, = 8 in. and arg (ER/EF) = 90 degrees and the
radiation load

z
aR

z aF

(0.2+ j0.8) pcA

(0.2 + jO.2) pcA

for the three following values of tuning capacitors: c - co (no tuning), C = 3.o0 f (L,
tuned out at f = 1.8 kc), and C 1 i/(w'Lc) (Lc tuned out at all frequencies).

The constant-current transmitting response curves for these three values of capaci-
tance are given by Fig. 13(a), Fig. 13(b), and Fig. 13(c). The back-to-front suppression
at the resonant frequency (1.8 kc) is:

for C m , S(f)= 0 db (Fig. 13(a)),

3.0

2.0

o 1.0_J-j
U)

D 3.0
FREQUENCY (KC)

Fig. 12 - Computed velocity distribution for the
acoustic radiation load and arbitrary conditions
shown in Fig. ll(c)

r
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for C = 3.04, S(f) = -14db (Fig. 13(b)),
1

for c - , s(f) = -13.5 db (Fig. 13(c)).
C2L
2Lc

Figures 13(d), (e), and (f) are included to illustrate the importance of

IURI = LuFl.

In these cases arg (UR/UF) is not changed and is given by Fig. 14(a).

The back-to-front suppression becomes at resonance:

for C = c, S(f) = 0 db,

for c = 3.04f, S(f) = -17.5 db,

for c , S(f) = -15.5 db.

Further improvement in the back-to-front suppression can be realized by adjusting

ER
arg EF

so that

UR
arg -

11 F
90 degrees

at f = 1.8 kc.

CONCLUDING REMARKS

In summary, a mathematical model of a 36-element biplanar array of XEM-4B ele-
ments has been derived. It has been used to illustrate the alteration of the unidirectional
properties of the array by unequal radiation loads on the two planes as compared to the
simple theory which ignores the presence of a resonant transducing element and variable
radiation loading. The model indicates a limited improvement in the unidirectional
properties of the array due to the addition of series tuning capacitors. The model further
indicates that large, "apparent" radiation loads might produce marked improvement.

16
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Fig. 13 - Computed constant-current transmitting response curves for the arbitrary conditions,
radiation load, and the values of ct shown. In d, e, and f, Iu., is constrained to be equal t



NAVAL RESEARCH LABORATORY 19
(PAGE 20 BLANK)

0 4201

0
t =";F2LC

4
J FU

UjLc UR£ 380--C E 5. 0 - _UR

500 -- Ct = o'f ggrg U-RR

Er 230 -- 
4. 0 --

U

00 Ct- f F > 3.0-

260 -r E 2.0 -

220 10

18o 01.5 1.6 1.7 1.8 1.9 2.0 2.1 2.2 1.5 1.6 1.7 1.8 1.9 2.0 2.1 2.2
FREQUENCY (KC) FREQUENCY (KC)

Fig. 14 - Computed velocity distribution for the values shown for the radi-
ation load, arbitrary conditions, and three values of capacitance in series
with the individual elements
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