‘NRL Report 6169

First Order Oblateness Perturbations and
The U. S. Naval Space Surveillance System

T. B. MURTAGH

Space Surveillance Branch
Applications Research Division

November 5, 1964

U.S. NAVAL RESEARCH LABORATORY
Washington, D.C.



FIRST ORDER OBLATENESS PERTURBATIONS
AND

THE U. S. NAVAL SPACE SURVEILLANCE SYSTEM

by
Thomas Blackhall Murtagh

Thesis submitted to the Faculty of the Graduate School
of the University of Maryland in partial fulfillment
of the requirements for the degree of
Master of Science

1964



ABSTRACT
Title of Thesis: First Order Oblateness Perturbations and
the U. S. Naval Space Surveillance System
Thomas B. Murtagh, Master of Science, 1964
Thesis directed by: Dr. Gart Westerhout

An error analysis is presented involving a comparison of position
errors in the orbital path of an artificial earth satellite produced
either by the inclusion or omission of first order oblateness effects
on all of the orbital elements or by the introduction of theoretical
errors into the system with which the measurements are made.

The reasons for making the above comparison are twofold. First,
if the improved model of the earth's gravitational field produces an
increased accuracy in the orbital elements commensurate with the ac-
curacy of the measuring system, then this more accurate model should be
used in the derivation of any epoch set of orbital elements from raw
data as well as in any scheme for prédicting gatellite position as a
function of time froq epoch. Secondly, if the improved model accuracy
is indeed not comparable to the measuring system accuracy, then the in-
clusion of these first order effects is not necessary and their omission
will reduce expenditures for the use of the high speed digital computer
necessary for orbital element computation and updating.

The system referred to herein is the U. S. Naval Space Surveillance
System which is a detection system comprised of three transmitting and
four receiving sites located on a great circle across the southern por-

tion of the United States.
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The general development of the problem can be divided into three
parts.

The first part involves the computation of the position of the sat-
ellite at two different times from the observed direction cosines at those
times and the subsequent derivation of the orbital elements of the sat-
ellite using an approximate model of the earth's gravitational field.

The second involves the differential correction of the computed
elements at the two times using a more accurate model of the earth's
gravitational field where the force function allows for first order cor-~
rections to all of the elements.

Finally, position errors of the satellite in what we shall define
as the error plane are produced by perturbations of system direction
cosine measurements or by the inclusion or omission of first order
perturbation corrections to the elements themselves. A comparison of
these errors will then indicate at what poinf the accuracy of the model

used and the accuracy of the medsuring system are comparable.
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This is an interim report on a continuing problem.,
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CHAPTER I

THE SPACE SURVEILLANCE SYSTEM

Historical Background. The Naval Space Surveillance System (Fig. 1)

is basically an adaptation of the radio interferometer techniques developed
by the U. S. Naval Research Laboratory for tracking Project Vanguard sat-
ellites, known as Minitrack.l This surveillance system was developed by
NRL primarily to detect, track, and predict orbital positions of non-
radiating artificial earth satellites passing over the continental United
States. Illumination of the satellite is produced by one or more of the
three transmitting (T) sites and the reflected energy is received by one
or more of the four receiving (R) sites, all of which are located on a
great circle across the southern portion of the United States. The three
transmitters produce a continuous wave of electromagnetic energy in a
pattern narrow in the north-south direction and wide in the east-west
direction. The receiving station antenna patterns are similar to the
transmitter patterns and are co-planar with them.

Direction Cosine Measurement. The position of a satellite in space,

at a given instant of time, is obtained by coincident observations from
two or more receiving stations. These observations produce a measure-
ment of the direction cosines of an imaginary line at each of the re-
ceiving sites, from which the satellite position can be computed in an
earth-centered coordinate set.

Computation of satellite position. The earth centered set used in

the computation of satellite position has the X axis directed along 0°



longitude (Greenwich), the Y axis 90° east of Greenwich, and the Z axis
normal to the plane formed by the X and Y axes, forming a right handed
coordinate set. Latitude is measured upwards from the equatorial plane
and longitude is measured west from Greenwich. Each receiving station
has a set of unit vectors associated with it, A, B, and C. The unit vec-
tor A is oriented parallel to the east-west antenna field and is the unit
vector from which the east-west direction cosine is measured. The unit
vector B is oriented parallel to the north-south antenna field and is the
unit vector from which the north-south direction cosine is measured. The
antenna fields are constructed so that A and B are normal to each other;
therefore the vector set B A C form a right-handed coordinate set. Com-
putation of the satellite coordinates can be effected by knowing the
coordinates of the receiving stations making the observation, the com-
ponents of the unit vectors K,i,é, at each receiving site, and the
direction cosines measured by the system at the respective receiving
stations (Fig. 2).

From figure 2 we can write

R=R, +R, =R, + R4

+YJ+Zk=(Xli+Y1;)+Zk)+(R3A 1 R}BBI+RBCCI) (1)

where

Al R3 Al R3 cos © Al = R3 cos gAl = R3A

Bl R5 = Bl R3 cos 9 Bl = R3 cos gBl = RBB

Cl R3 = Cl R3 cos 9 = R3 cos gCl = R30
and the unit vectors of the first receiving station are defined as

Al =a) 1+ a.ly g+ ay, k

B1 = blx i+ bly J + blz k



Making the above substitutions in equation (1) and equating coefficients
of the unit vectors'I,.E,'E we obtain

X = Xl + R3 (alx cos OAl + blx cos OBl+ C1x cos 901)

Y=Y cos ©,,. + b

a1 1y ©08 O5+ Cyy cos gCl)

1t R5 (alY

Z=12 + R3 (alz cos ©,, + b, cos Oy, + C), cos 90.1)-

SATELLITE

-EIGURRE_1. - _SPACR _SIRVELLLANCR _SYSTEM



SATELLITE

FIGURE 2 ~ COINCIDENT OBSERVATION



Similarly using

X +Y) + %k = (Xzi +Y,5 + Z2k) + (Rt'_A A, + Ry B, + Ry 02)

we obtain
X=X, +B, (a2x cos 8,, + b, 008 O, + Cp
Y=Y, +R, (a2y cos 0,, + b2y cos Bp, + Gy
Z=172,+R, (a.22 cos ©,, + by, cOS By, + Oy,
Let
O(l = &,  ©O8 gAl + blx cos OBl + clx cos 901
CK% = a, cos 8,, +b, cos O, + C, cos 9g,
f?l = 81y cos oAl + bly cos gBl + Cly cos 001
62 = a’2y cos °A2 + b2y cos ng + CZy cos 902
71 = &, €08 0,, + b, cos Oy + C,, 08 95y
7; = a,, €08 8,, +b, cos 6y, + C, cos 9, -

Therefore we have
X = Xl +c{1 R3 (3)
YT-1 +'81 R3 (&)
2=12 +\ R3 (5)

From the

above we can write

Y=Y, +182 Ry,

cos 002)

cos 902)

cos 902),

(6)
(7)
(8)

(2)

Equating equations (4) and (7) and substituting for R3 and R, the above

definitions we can solve for X in terms of known quantities:
X-X
1 2
) =Y, ,82 (—----&42 )
vy, By Be
271 ol

10(2

Y By S
x(ﬁ-l- ‘,&)
oq K



(1Y) +fLx -B2 x,
X2

X = 1
AL - B
o X2

Equating equations (3) and (6) and substituting the values of R

. (9)

3 and R4

obtained by solving equations (4) and (7) respectively we can solve for

Y in terms of known quantities:

X+o{l( )-X +d( )

£1 B2
X -ol2 , - X Ky X2y
1 fe LAt ge
(Xy-x) +1 Ty -2 ¥,
Y = 81 B2 . (10)
(aq cxz

A1 ,32

Similarly an equation for Z in terms of known gquantities may be obtained:
2-Z 2-2

Y. + 1y =Y, + 2

1A (" P (D

Y2
(¥,-1,) +/61 1 /32
%= . (11)
é 2)
(2(1 ,;2

From equations (9), (10), and (11) the satellite coordinates X, Y, and Z

Y(

can be computed, using the known values of the station coordinates Xl, Yl,
Zl, Xz, Yz, Z2, the station vector components of I, B, and E;and the meas-
ured values of the direction cosines at the respective stations. Since
equations (3) through (8) represent six equations in five unknowns, they
are considered redundant. Consequently equations (9), (10), and (11) can

be modified to compute statistically optimum values of the coordinates,



using the X, Y, and Z ffom equations (9), (10), and (11) as a first guess.
Appendix A presents the procedure for computing these statistically optimum
values and is based on the second section of Chapter II in a University of
Maryland Master's Thesis by H. G. deVezin of the Space Surveillance Branch
("The Computation of Optimum Orbital Elements Derived From a Single Coinci-
dent Observation by Two Receiving Stations of the Navul Space Surveillance
System," reproduced as NRL Report 6172).

Computation of Standard Elliptic Elements. The standard elliptic

elements for a given epoch which will be referred to in this thesis are
listed in Table 1 and their definitions may be found in the litera.ture.2
Of the nine variables in the list, only six are independent, since the
semi-major axis and the period are related through Kepler's Third Law, the
mean and eccentric anomaly are related through Kepler's equation, M = E -

e sin E, and equations like cos v = cos E - e relate the eccentric and
l]-ecosE

true anomaly. The computation of these elements from Space Surveillance
angle data requires two observations of the satellite on its orbital path,
the time between these two passes, the south-north (SN) or north-south (NS)
direction of the two passes, the east-west (EW) or west-east (WE) direc-
tion of the satellite, the Greenwich Hour Angle of Aries (GHA) at the time
of the first pass (epoch), and an approximate value of the anomalistic
period of the satellite. An optional third observation of the sateliite
may be used, in which case an approximate value of the period of the sat-
ellite would not be needed. In place of this, the time between this third

pass and one of the first two passes having the same NS or SN direction is



TABLE 1 - STANDARD BLLIPTIC ELEMENTS

ELEMENT NAME SYMBOL UNITS

SEMI-MAJOR AXIS a STATUTE MILES
ECCENTRICITY N
INCLINATION i DEGREES
ARGUMENT OF PERIGEE w DEGREES
RIGHT ASCENSION OF M DEGREES
THE ASCENDING NODE

MEAN ANOMALY M DECREES
TRUE ANOMALY v DEGREES
ECCENTRIC ANOMALY E DEGREES
ANOMALISTIC PERIOD T MINUTES

used, together with the number of revolutions of the satellite during thi
time. (The division of this time, in minutes, by the number of revolutic
will yield a first guess at the period of the satellite.)

The first step in the derivation of the elliptic elements from angle

data is to calculate the position vectors for the two passes, from which



the latitude and longitude of these two points can be computed. Similarly,
if a third observation is given, the position vector is first computed and
then the latitude and longitude of this third point can be calculated.

The longitude of the second point is then corrected for the earth's rota-
tion during the elapsed time between the first two passes. (It should

be remarked here that the longitude defined herein is east longitude.)
From this longitude and latitude information, the central angle between
the two position vectors (Fig. 3) can be computed, using the following

equation derived from ﬁi . Rz,

X = cos™t [cos L, cos L, cos C{zjll) + sin L, sin L2;7 (12)
where L = latitude, )\: longitude, and o= central angle. The above equa-
tion yields the principle value of the central angle (0< << 180°); using
this value of central angle, and assuming a non-retrograde orbit, the in-

clination can be computed using the following equation derived from

By xR g,
/Rl x R2/
i = cos~l | cos L, cos L, sin C127ll) i (13)
sin

This value of inclination will be used as a temporary value; if the absolute
value of this inclination is greater than or equal to 45° we will use SN or
NS direction information to determine the true value of inclination,which
will either be the above value or 180° minus the above value. If the abso-
lute value of this inclination is less than 45° we use EW or WE direction
information to determine the correct value of inclination. Esgentially in
the above we are attempting to resolve the ambiguity in the direction of

the satellite between the two observed points, which implies that we are
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FIGURE 3 - SATELLITE POSITION IN SPACE
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attempting to determine whether it passed from the first point to the sec-
ond through the large or the small central angle.

The next element to be computed is the semi-major axis. This is done
in one of two ways, depending on the information given:

1. If the approximate anomalistic period is given, the semi-
major axis can be computed immediately from the equation of Kepler's
Third Law.

2., If the time between the third pass and one of the other two
passes in a like SN or NS direction is divided by the number of revolutions
between these passes, an approximate nodal period, uncorrected for latitude
difference, is obtained.

In either case, a guess at period is obtained, since anomalistic and nodal
period are approximateli>the same, and the semi-major axis can be computed
from the equation
e = 205.835706 1%/ (14)
where T is in minutes and g is in statute miles.
The regression of the ascending node during the elapsed time between

the two passes can then be computed, assuming a circular orbit, using the

equation
r_ 7/2
iid—f= - 9.9596 (=) cos i deg
(1-¢2)2 %y (15)

where To is the equatorial radius of the earth in statute miles. The
longitude of the second point can then be corrected for regression, and
subsequently the central angle and the inclination can be corrected for
regression. Similarly the rotation of perigee during the elapsed time

can be computed using the equation
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dw Te 7/2 (5 cos® i-1) deg
a.-'g - 4.9798 (Q) (1-82)'2 da.y ' (16)

If three passes are being used as input information, the approximate nodal
period previously computed is then corrected for latitude difference and
the rotation of perigee during the elapsed time and the resulting period
will be the approximate anomalistic period.

The next pair of elements to be computed are the eccentricity and
the true anomaly of the first pass, calculated using the equation

R = a{l-ezl
l+e cos Vv (17)

which is the defining equation of a conic section. Applying the above
equation at~tl and t2 (times of the first and second pass respectively)

and using the fact that v =o¢, a fourth degree equation in eccentricity

21
is derived from which only two solutions are possible.(The derivation is
reproduced for convenience in Appendix B.) The existence of two possible
solutions implies that two possible ellipses fit the two observed points
and the choice of the correct set of values of eccentricity and true
anomaly is made by substituting (vl +o¢) and (277 - v, +) into equation
(17) at t2 and seeing which of these substitutions yielas a value of R

closest to R2. Using this correct value of e and v,, and computing A

1

with v v, +0& we can calculate a time difference (less than a period)

2

between the two passes from the equation

]

t,-t, = 3/2 e Vl-e2 sin v . =1 cos v + el v (18)
2 1 + sin —_— 1
m l +ecosv l+e cos v
A

which is nothing more than the integration of Kepler's equation M = E - e

sin B, using the following relationship between E and v,
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cos V + e
l+ecosv

cos E =

Vou
and the fact that M = 3/2 (ty-t1)-

This quantity is evaluated so that an iteration process can be performed
in order to obtain an accurate value of anomalistic period.

The first iteration is carried out by computing a second value of

. /T
period from T, = TOBS ) TCUESS (19)
GUESS
where ZS?OBS = observed time difference reduced to a value less

than one period

ZXTGUESS'= calculated time difference from equation (18)

TGUESS = value of anomalistic period computed previously.
The second value of anomalistic period Tl is then used to repeat the
procedure previously indicated, beginning on the bottom of page 11. After

completing the process a second time, a straight line fit is made on the

successive periods using

v - A -ATos (T -7 ) (20)
n+l n A AT n n-1
13 n n-1

until the successive periods are within a pre-determined tolerance.

Once an accurate period has been obtained, a vector which points
along the line of nodes, in the direction of the ascending node, is com-
puted (see Fig.3). The sum of the anomaly and the argument of perigee

(argument of the latitude) can then be computed using

(v +w) = cos™t [ X R ] (21)
INl R/
where N = the vector along the line of nodes in the direction of the

ascending node. Subtraction of the true anomaly from the above quantity
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will yield the argument of perigee. The longitude of the ascending node,
AN’ can be computed using
N
Ay = cos”t X (22)
N /%I
where NX is the component of the node vector along the X axis. The right

ascension of the ascending node,g?, can then be calculated using

()= GHA -AN for)_n< GHA (23a)
or

(U= 277~ ( - oHa) for > GHA (23b)
where GHA = angle measured west from Greenwich to aries

/\N = angle measured west from Greenwich to node

Q: angle measured from first point of Aries east to the node.
The computed values of vy and v, can then be converted to the mean anomaly

at tl and tz from

=1 [cos v + e ] e Vl-ez sin v
Mv = cos T+ eo0s vl -

1l + e cos l+ecosv

(24)
remembering that if v<77, M = Mv and that if v >77, M = 277- M.

The above procedure was adapted by the author to the Naval Research
Electronic Computer (NAREC) in order to facilitate the computation of

orbital elements from many sets of observed angle data.



CHAPTER II
PERTURBATIONS

Introduction. The main causes of perturbations of a satellite orbit
are asphericity of the primary, atmospheric drag, lunar and solar pertur-
bations, perturbations by additional satellites or planets, electric and
magnetic fields, relativistic effects, and interplanetary dust. The first
two perturbations are of particular concern in the theory of close earth
satellites, whereas the third and fourth perturbations involve deep space
probes. The other perturbations are negligible by comparison with the
first four. The term asphericity includes both oblateness and deviations
from the oblate spheroid of revolution.

This work is primarily concerned with the first perturbation in the
above list, namely asphericity of the primary, and in particular is con-
cerned with the oblateness perturbations involved therein. The oblate-
ness of the primary, which in this instance is the earth, produces five
perturbations on a close earth satellite: regression, rotation of perigee,
variation of radial distance, variation of the period of revolution, and
periodic variations of the orbital elements.3 More specifically, this
work is concerned only with first order oblateness effects assuming that
the only forces acting on the satellite are those due to a gravitational
field with axial symmetry.

A large number of articles have appeared in the literature since
the advent of artificial earth satellites whieh discuss the motion of

a close earth satellite in the gravitational field of an oblate planet.

15



16

Because of this large number, it would be impossible to list them all in

the brief confines of this work, but a few of the more pertinent articles

6

are those written by Brouwer#, Garfinkols, King-Hele , szai7, Hbrsons,

Hnaan9, and O'Keefe, Eckels, and Squiroslo.

The Undisturbed Two-Body Problemtl. In the undisturbed two-body

problem the equation of motion can be written as

&F e (M+m) - (25)
at? o

where M = mass of central body
m = mass of orbiting body (or satellite)
G = gravitational constant
T = position vector between central body and
satellite,

Let us now define the force function

U = G~(M + m)

(o] r

80 that the above equation becomes

2

Iy
Hi

-7, .

N

dt (25a)

Since the force function in undisturbed motion is time independent the

integral of energy does exist and we can write

T = Ub + h
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where T = kinetic energy per unit mass

§2_G(M+£)__G(H+gl

2 r 2a ¢

Now define [l = G (M + m) and the above equation becomes
2 2 1
Now consider

).__x;‘.l:+ < &

at SExE at

The first term on the right hand side of the above equation is obviously
zero and the second term will be found to be zero also by crossing the

vector T with equation (25). Therefore we have

FxvV=3 (27)

where ¢ is a vectorial constant; this equatiom represents the area

or momentum integral. Next we write equation (25) as

__._.l.é-

dt -
and cross this equation with the vector . The result is
3:£+A5x(%r;x?) =0

at -~ 3

5!%-‘-‘%[%%(?.?)-? r.g%)]"o

dr
E’xg:+u[ at ~ dtJ 0.
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But since ¢ is a constant vector we can write
L @xn+ M5 G -o.

Therefore

5x7+%.z+u3-0 (28)

where & = vector directed towards perigee along the X axis. Equation
(28) is known as the Laplacian integral. Still another integral of the
motion may be derived, the Hamiltonian integral, which is essentially

an algebraic combination of the area integral and the Laplacian integral$

ol

x (G x+¥) +,LL31(§) +LlTxE€=0

ol

F.9)-%@.8)=-MUzxE+3)

ol

?.‘% x4+ (29)
Because the lLaplacian and area integrals are not entirely independent,
only five of the six independent scalar integrals needed to obtain a
complete solution to the problem are obtained from them, The sixth in-
dependent acalar integral is obtained by using Kepler's equation in
conjunction with one of the equations for the position vector in terms
of the elliptic elements.

The Disturbed Two-Body Problem, In the disturbed two-body problem

the équation of motion becomes

2
__5__G_(!££1;+'§ (30)

d% r

H
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where F = the disturbing force per unit mass. An immediately obvious
consequence of the addition of the disturbing force is the vanishing
of the area integral, since now we have

dc

‘a‘%=1‘XF

which implies that € is no longer a vectorial constant. In order to
obtain a clearer physical picture of what happens to the elliptic ele-
ments when a disturbing force is present, it is useful to decompose the
disturbing force both along the vector set in the orbital plane and
along the radius vector to the satellite. As a result of this decompo-
sition, we come to the obvious conclusion that the elements a, e,W,

and M are primarily affected by components of forces in the orbital

plane and the elements i and -“are primarily affected by components of
forces outside of the orbital plane. The equations for the variations
of the standard elliptic elements can then be derived in terms of the
components of f'along the above-mentioned vector sets by applying Brown's
operator, S/dt, to equations (26), (27), (28), and (29).12

The Disturbing Function. If we write equation (30) as

2

a,
K

= \_700 +F (30a)

N

dt
and write F = §7 Uy forn >1, letting n indicate the order of the cor-
rective term to the force function, and note that for n = G we have the

force function in the undisturbed two-body problem, we can rewrite equa-

tion (30a) as

2V, (31)
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In considering oblateness effects due to an axially symmetric gravita-
tional field (which means that only latitude dependent or zonal harmonics
appear in the force function expansion, and longitude dependent or tes-
seral harmonics are absent) we can write the force function which des-
cribes the earth's gravitational field in terms of a series of spherical
harmonics

od

U= Z am % v (0, \)

m=0
where Ym (0,/\) is the spherical harmonic of order m, © is the co-latitude,
X is the longitude, and the Am"s are constant coefficients in the expan-
sion. Since we are omitting tesseral harmonics in this work, the force

function can be written more simply in terms of Legendre polynomials of

order m,
00
0% 125 s, o (eon 017 G2
m=2

where G = the gravitational constant, M = the mass of the earth, rp =

equatorial radius of the earth, and the J m's are constant coefficients
in the expansion. The term for m=1 in the above expansion is omitted
because Jl = 0 if the origin of coordinates is chosen to be at the center

of the earth, which is the case for all practical purposes. The disturb-

ing function R = U =~ (—;-@- can be derived immediately from equation (32),
o0

GM b m+l
R=-3 ("B/r) . (cos @)

m=2

(33)

and the Legendre polynomials Pm(cos @) are conventionally defined as

1 =

2 m
- (cos“ @ - 1) .
25ml 4 (cos ©)

P (cos ) = =
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The explicit forms of the first five Legendre polymonials are given in
Table 2. Since it is the purpose of this author to discuss first order
periodic perturbations on all of the elements and first and second order
secular effects on the argument of perigee and right ascension, only the
terms for m = 2, 3, and 4 need be considered in equation (33). Therefore
the expression for the disturbing function can be written more explicitly,

noting that cos 6 = sin L, where L = latitude, as

TABLE 2 - LEGENDRE POLYNOMIALS (m = 2 tom = 6)

Pzzyé(j coszg-l)
Py =% (5 cos> © - 3 cos Q)
L 2
P, = 1/8 (35 cos' © - 30 cos“ 6 + 3)
P5 = 1/8 (63 cos’ @ - 70 cos® @ + 15 cos 6)

P = 1/16 (231 cos6 e - 315 cosu 6 + 105 cos® @ - 5)

R = - ﬁ—’; LCTB/x)? (53,) (5 sin” L - 1)

+ (rE/r)4 0% J‘B) (5 sin’ L - 3 sin L)
+ (*5/r)® (1/8 3,) (35 sin® L - 30 sin® L + 3)_7. (34)

Using the relation sin L = sin i sin (v + W), and reducing second, third,
and fourth degree terms to ones involving multiple angles, the above

equation for the disturbing function becomes
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R = GM [(% J,) E%- (a/r)° {% - -é— gin® i + % sin® i cos 2 (v +w)}
- 3 (E,‘if) (a/r)" {(lg sin’ i - 2 sin i) sin (v +W)
- g sin’ i sin 3 (v +cu)}
- (:’g ) (}E‘-ﬁ) (a/r)5{§-5- - % sin? i + 2 gin® i

+ (-;- sin® i - % sinl+ i) cos 2 (v +w) + -;- sin“ i cos 4 (v +w)}_7,(35)

The constant J2 is of first order, the constants J, and J4 are of second

3
order,13’ 14 and the values used for them in this work are J2 = 1.08219
x 10'3, J3 = - 2,29 x 10'6, and J, = - 2,12 x 10’6. It would now be con-

venient to separate the disturbing function into a first order secular
part, a second order secular part, a first order long periodic part, and
a first order short periodic part. Terms in R not depending on Mor w
are considered secular, terms depending on W but not M are considered
long periodic, and terms depending on Mbut not on Ware considered
short periodic.15 We shall designate the first order secular part of

R by Rl, the second order secular part by Rz, the first order long
periodic part by 1’{3 and the first order short periodic part by RL‘_. In
order to smooth out the rapid variations due to changes in the mean
anomaly we first integrate the disturbing function with respect to the

mean anomaly as

27

[ = 5 fRdM (36)

(-4

and then we can write down the expressions for Rl’ R2’ R3’ and RL“
according to the above criterion. In performing the above operation

it is useful to recall that
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youl

—2%’, f (i)p sinq vdM =0 (36a)
[=]
and that
2%
-é%, f (i)p cos q v dM = Xop’q (36v)

o

where q and p are positive or negative integers, and xop,q is a Hansen's

coefficient and is defined as

%Pt . ()2 ()0 (P ra 1) PR, R, 1, D).

In the above (p ta+ 1):i.s the notation for the binomial coefficients
q

and F(-g;g;]*, 9-5-2, 1+q, 32) is the conventional hypergeometric function

form. The evaluation of the integrals of the form of equations (36a) and
(36b) may be found in the literature.l6 The resulting expressions for Rl’

R2, R3’ and Rl; are

2
R, = M (2 J2)-r-§— (%-52‘- 2,) (1 - ¢2)2 (37)

1 sin"i

- - (2 J#) ( -2 2+ ) (1622143 &) (38)

2 T sin™i

Rsa-&{{iJ ( )sinl(gsini-l)e(le) “5/2 ginw

Ty 4
(}i JL,.) = sin?i ( - s;:i.n2 i) &2 (1—32)'7/2 cos 2w|(39)

B, = 64 (£ 7,) (i—?f) (5 - 3oin” 1) {<a/f>3 - (4 - .,2)-3/2}

+ % (a./:r)3 sin® i cos 2 (v +w) (40)

where
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(a./r)3 = (l-ez)-3 [(l + % 02) + (3e + 3 33) cos v + % % cos 2 v
+1a’»e3 cos}v].

The above expressions for Rl, R2, R3’ and R,}will then enable us to write

down the secular, long periodic,and short periodic variations of the

standard elliptic elements.



CHAPTER III

VARIATION OF ARBITRARY CONSTANTS

17, 18

Basic Principles of the Method. In the undisturbed two-body

problem, if the position and velocity of a satellite at a given instant
of time is known, or if two positions of the satellite for two instants
of time are known, the six orbital elements of the satellite can be de-
termined, and these six elements do not change with time. In the dis-
turbed two-body problem, however, the six orbital elements determined
from position and velocity measurements at a given time,or from two
position measurements at two times, do vary with time, and the set of
elements determined at an epoch are exactly the elements of the ellipse
that the satellite would follow if all perturbations on the satellite
would cease from that moment on. This ellipse is called an "osculating"
ellipse and the elements are called the "osculating" elements. Our pro-
cedure is to first obtain the elements as functions of time and then to
substitute these elements into the equations relating the coordinates
and the elements, and thus obtain the coordinates as functions of time{
This is the basic principle of the method of the variation of arbitrary

19, 20, and in celestial mechanics

constants or variation of parameters
it is applied to a system of sixth order differential equations.21 The

equations which relate the coordinates and the standard elliptic elements

are 2 —
X = a(l - &) V1 - sin? (v +W) sin® i cos (27T—)~n +{B) (41)

T 1+ cos v

2 ]
Y = a(l-e) \/l - sin® (v +W) sin® i sin (27T—)‘n +ﬁ) (42)

l+ ecos v

25
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2
g.all-e) (v +w) sin i (43)

“1l+ecosv
where kn = longitude of the ascending node and
. sin (v +W) cos i
ﬁ)= . Vi - sin® (v +w) ain? i

where the value of ﬁlis taken to be the principle value of the arcsine.

In order to resolve the ambiguity in the determination ofﬁ, check the
sign of the quantity cos (v +w). If cos (v +w)> O, then the principle
value obtained is correct; if cos {v +w) < 0, then 77 minus the principle
value is the correct value ofp.

%%, %f-;, etc. The equations for the variation of the

elements will be derived using two methods. The first method used is

Equations for

referred to as the classical method, and can be found in Brouwer and
Clemence's book but will be reproduced in part here for convenience.

The second method, using the Pfaffian expression<f¢g - d = 022, was
developed by Dr. Peter Musen in his lecture notes from an Advanced Celes-
tial Mechanics course taught by him at the University of Maryland, part
of which will be found in Appendix C.

In the classical method, one of the basic assumptions is that each
of the components of the disturbing force can be written as a derivative
of some disturbing function R. In addition we should remember that if
the disturbing force should cease to exist (an instantaﬁeous ellipse)
the solutions for the position and velocity components would be of the

form

]

]
%o
1

£y (el, &y eer & t) =g (el’ e, et 83 t)

’

Y= £, (el’ Sy, e g t) Y= g, (el’ S, ver g t)  (44)
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Z = f3 (el, ), e 83 t) 7 = &5 (el’ &, eee g t)
where €15 €59 oo e represent the cons'tants of integration, which in this
case are the standard elliptic elements. The problem now is to satisfy
equation (30) by the equations (44) which apply to elliptic motion, which
means that we must first derive the equations for the variable elements

el, e2, oo e6 in perturbed motion. Now in perturbed motion it is true

that
6
o o § g o
at "3t T L. Je. at
J=1 J
¥f 3f, de
ay %2 )7 ¥p e
a8 7 T Ly ey T (45)
a3 ofy de;
at ~ 3t ) ey at

and when these equations are differentiated again and substituzgs into

Px, L R
2 2

at 0X
2
dy MK _R
w2 37 Ty (46)

fo
(S}
)
+
H\NB:
N
u
o/
NIN

three equations result for the six variables 819 €5y oo €y which
equations could be satisfied in an infinite number of ways. Therefore,
we introduce an additional set of conditions to make the problem well
defined. The choice of these conditions is dictated by the fact that,

in unperturbed motion,
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dx ¥f, dy ¥, dz 3_1‘2

dt ~ 3t ' dt Tyt ' dt " dt

(47)

and that, in perturbed motion, we would like to be able to express the

coordinates and velocity in the form of equations (44), where ey ©

oo & would again be constants of integration.

are then

o
o/
Hy

2’

The additional conditions

(48)

Differentiating equations (47) once again with respect to the time and

substituting the result into equations (46) yields

5 6

£ de.
321‘“ %gl d: +%fl
dt = e r

5 6

£ de.
Lz_§ 38 de; U,
32 %, B T 52

Coda,
[
o

¥

6 .
2
f. ; .
é + ‘éfi Efl + AL f
t2 bej dt r} 3

Q/

5=1

But since f., f

1 f_, were defined such as

2’3

o/
=o]

1
[ %4
t

oo/
<

(49)

to satisfy the equations of
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elliptic motion the first and third terms in each of the equations (49)

cancel each other, and we have

6
Y 38 %% 3
bej dt dx
J=1
6 o8, de
Z‘ 98 %5 _er (50)
= )ej dt y
6 d
y % s
}ej at 3z °
J=1

The equations (48) and (50), which represent six first order equations,
are exactly equivalent to equations (46), which represent three second
order equations. If we then multiply equations (48) and (50) successively

by -);:/)ei, -3;/3ei, -3;/)31, + )x/)ei, + By/bei, + )z/)ei and replace f,,

f2, f3 by x,y,z, and 8y 859 33 by x, ¥, %z we obtain

6 6 .
_Z Z wo e oy
de. e, dt
oy R
6 6
*  de
T e s
i=1  j=1 Jg 1

U
o

6 6 .
Bej Bei dt

i-1 321
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r\V/]O\
r\,/]O\
a/|o’/
S
o/
g
.
o
+| @
I
H[\V/jc\
I
H
o’/
NI’PU
cvrw
o X
H

<.

i=1  j=1 ¢ i=1

6 6 . 6

Z Z ¥z Z ARz
)ej de; dt bz}ei'

i=l 3=l i=1

Adding equations (48a) and (50a), introducing the Lagrange brackets defined

as

Ix dx dx dx Y '
[e.i’ e,j-7 =}eibej -Bej bei +§Jer_i5‘£; -%ye;%
Lz Yz s dz

Se7 be; " %e; b

and noting that the right-hand side of the new equations becomes BR/bei,

we obtain
6 6 6
de
e, e/ o4 3R (51)
E: E: Lo o/ - E: de;
i=1 j=1 i1 *

The quantities to be evaluated in the above six equations are the thirty-
six Lagrange brackets [éi’ eJ.J. By the very definition of these lLagrange

brackets we can see that [éi’ ei_7 = 0 and that Ei’ eJ.J =- eJ., ei_7.

Therefore the determinant formed by the Lagrange brackets in equation (51)

is antisymmetric and the diagonal elements are zero.
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(A discussion of the time independence of the Lagrange brackets and
Whittaker's method for evaluating them are contained in Brouwer and
Clemence's text in some detail and hence will not be reproduced here.)

The equation which is used to compute the necessary lagrange brackets
1923

(s, L)  d(w,6) . d(, E
O A TORW AR CROWAS YR (52)

where n is defined in Kepler's Third Lawua n a}, C=M-nt, L= La,
¢ =V/(a(1-6), and H = \/ua(l-ez) cos i. In addition we shall define

= = = = _Q.= = -
a=e,e e2,i e, W e €5» and & eg The only non-zero

3’

brackets then are
[oys o7 = [5yw] = - thna V1-® = - 6, &7 (52)
[y o5 7 = [ara] = - tima Vi-e cos 1 = - R, o] (520)
[y og7 = 5,67 = -fina = - [5, o] (520)
Loy o7 = [5,4] = male - - [, & (522)

Vl-e2
[;2, ‘35_7 = [fe,] = na’é :os i =-/4, e/ (52e)
Vi-e

[53, eEJ = [i,0] = na® gin i Vi-e® = - &, if. (52f)

Substituting these into the six equations represented by equation (51)

gives the following set of equations

<% na Vi-e? g‘;’ % na Vl-e cos:.%f’ %na%%=%§' (53a)

na’e aw naze cos i d,.n. dR

=Se (53b)
iz at * ViZ )
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na2 sin i l-e g‘-%:%—g (53c)
ho Vi? 2 _mle o Bz (534)
na Vi-e & - > dt "W 234
Vi-e
2
% na Vl-92 cos i %% - 2&_2_?29_1‘%% - na? sin i V1i-e? gi %ji (53e)
Vi-e
% na 92 3R
at " & - (53f)

The above equations can then be solved for the time derivatives of the
elliptic elements. Equation (53f) yields immediately the time derivative

of the semi-major axis as

o/

bg (54)

remembering that % can be replaced b y%M for a given epoch. Likewise

&le
Bl

equation (53c) yields the time derivative of the right ascension of the

ascending node as

i & . (55)
na l-¢” s8in 1

The other equations for the time derivatives of the rest of the elliptic

elements follow from appropriate substitutions in the other equations and

are

“L-—g— 208 3 %—3 (56)
dt ‘

na 2 Vl-e2 sin 1 :

2
is 2 d (1-
dt = " ha %E'n:e %—e (57)
2 2

a 1- DR 1- DR
d_: _(1-6%) 38 g & (58)
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ai cos i AR 1 2R (59)
at ~ — W W
na2 sin i Vl-e2 na2 sin i Vl-e2
ds dM
If we remember that I+ = o7 - n, equation (57) can be re-written as
a_ 23R _ (1) (57a)
dt = " " na da RY 2

where it should be noted that n appearing as the first term in the above
expression is itself a function of time as can be deduced from equation
(54) and the fact that

dn 2 -

dat 2 a

=

Substitution of the disturbing functions Rl’ BZ’ R3’ or 34 into the above

equations will produce first order secular, second order secular, first
order long periodic, or first order short periodic variations of all of
the standard elliptic elements.

Elliptic Elements as Functions of Time. In order to simplify the

long periodic part of the disturbing function, and because we are primarily
interested in short periodic effects on the elements, we will ignore the
cos 2W term which appears in equation (39) in this work, and rewrite the

equation as

Ry = - G [% Iy (rg/a‘*) sin i (£ sin® i -1) e (1-¢2)~5/2 sinw].(§9a)

R X
I+t should also be noted that n = O for R equals Rl’ R2, R3, or Ru since

tesseral harmonics were not included iw the forece function expansion.
Upon examination of equations (54), (55), (56), (57a), (58), and (59), in

conjunction with the expressions for Rl’ R2, R3’ and R# it is found that
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the semi-major axis exhibits only short periodic effects, eccentricity and
inclination exhibit both long and short periodic effects, mean anomaly ex-
hibits secular and short periodic effects, and argument of perigee and
right ascension exhibit secular, long periodic,and short periodic effects
due to the axially symmetric model of the gravitational field of the earth.
An example of the calculation of the elliptic elements as functions of time
will be given using the equation for the time derivative of the inclination

4i cos i 3R

= Sy ¢ (598')
dt na2 gsin i Vl-e2 dw
Ry

Since R1 and R2 are by definition functions of neither v or w, Sw =0,
VR,
W = 0, B.nd

R
%‘3— = - GM [% J3 (r%/ab') sin i (2 sin’ i - 1) e (1_82‘)-5/2 cos w]

and

R
%mli = - GM (% J,) (rg/a}) [ (a/r)? sin® i sin 2 (v +w)]

since (a./r)3 is a function of v only. Therefore

ai - cos i B_EZ +§E‘.’:
dt na2 gsin 1 Vl-e bw ow
and
gi - Mcos i - 2 I (r%/aL') sini (fsin®i-1)e (1-62)~5/2

2 . .
na- sin i l-e

cosw - % Jz(rlz.}/as) (a./r)5 sin® i sin 2 (v +w)| dat, (60)

In order to facilitate the integration of the above equation, it is useful

to substitute
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2

2,2
(a/rg)? (1-7): aw

dt = 5
33, (1 - 5/4 sin“ i)

H

when integrating the long periodic part of the inclination equation and

to substitute

o &

dt =

when integrating the short periodic part of the equation for the inclina-

tion. Upon making the above substitutions in equation (60) we obtain

di = %(J3/J2) (xig/a) f—Jf:g—).j* cosw dw

= % J, (J:‘E/a.)2 sin 2 3 (a/r)3 sin 2 (v +W) M (60a)
l-e2

the first term of which is readily integrated, and the second term of which

can be integrated with the aid of equations (36a) and (36b), for p = - 3

and q = 2.

Since in this work we are considering only first order perturbations,

the solutions for the orbital elements will be of the form

a=a +Aal
e=e +[§el
i=i +AJ‘.l
W =Wepgey +Wt +Aw1

O =Dy HE AR

M= Mopon + M +AM1
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where the A's represent the first order periodic corrections and the zero
subscripts indicate the constants of integration for the particular ele-
ments. The quantitiesLQEPOCH,J?EPOCH, and MEPOCH are the values of the
argument of perigee, right ascension,and mean anomaly for t = o and from
which periodic terms have been subtracted. Consequently, in this approx-
imation, it is permissible to substitute 8, €59 and io for the elements
which appear as coefficients of the partial derivatives in equations (54),
(55), (56), (57a), (58), and (59). The substitution of these integration
congtants for the semi-major axis, eccentricity, and inclination makes the
integration of equation (60a) and the other orbital element equations
comparatively simple.

Upon integrating equation (60a) we then obtain

1ei +% (JS/JZ) (rE/po) e, cos i sinw

+'§ I, (rE/po)2 gin 2 io[?o cos (v + 2w) + cos 2 (v +w)

+ % e, cOS (3v + 2u0] (61)
where Py = 8, (l-ei) and is defined as the semi-latus rectum of the in-
gtantaneous ellipse. Similar procedures are used to integrate the other
equations for the variation of the elements, which may be found in the
literaturez#. The results are written below for the other elements.

The equation for the variation of the semi-major axis is
2
595 Tg

a=a + 33 (1 - % sin2 io) [- % (1-é§)3/2 + % (1 +'§ ei)
a, (1-e°)

5 2 13
+ (eo +}4eo) cos v + % e_ cos 2v + 75 el cos BV]
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. 2 . 1
+ % sin i [%eg cos (v + 2w) +ge2 cos (v - 2w)

+ (1 +§ eg) cos 2 (v +w) .2 ez cos (3v + 2w)

8
+% ei cos (4v + 2w) +-§- eg cos (5v + 2w) + % ei cos 2u)]
3 .2 ; )
+f e, sin” i cos (v + 2w) + cos (3v + 2w . (62)

The variation of the eccentricity can be written as
e=e - }é(J3/J2) (rE/ao) sin i sinw + e, (63)
where the short periodic part ey is defined as

e, = % Jz(rE/Po)2 (1 - g gin? io) [ - gl—o (l-eg)j/2 + %: (1 + g ei)

2 1 2
+ (1 +%eo) cosv+]éeo cos 2v + J5 e_ cos 3v]

+ sin® i [ (i—+% es) cos (v + 2w) +-:]L.—6- es cos (v - 2w

+ (33;—0+£-e0) cos 2 (v +w) + (2- +%6-e§) cos (3v + 2w)

+% e, cos (v + 2w) + -]—% eg cos (5v + 2w) +‘g- e, ©OS 2w]
2 .
o sin® i 1
- g J2(rE/ao) — % cos (v + 2w + 35 ©os 2(v +w)
(l-eo) ()
+% cos (3v + 2w)p . (63a)

The mean anomaly variation is
2 2
GM 3 3 . . V1.2
M= Moooog +0) /—a3 [1 +5 9, (rl.]po) (1 - 5 sin 10) l—eo] b+ M
° (64)
where t represents the time after epoch and the short periodic part MS is

given by



38

l-e

M =3 Jz(r:E/po)2 eoo - (1 - -% sin’ io) [(1 - % ei ) sin v

: 12 . 2 5 2
+% e, 8in 2v + 77 e_ sin 3v] + 8in” i [(}4+16 eo) sin (v + 2w)

-'i-]g' ei sin (v-2w)+(-—7- 1

2 * 55 eg) sin (3v + 2w)

--g e, sin (v + 2w) - -:]I-'_-é- ei sin (5v + 2w)] . (64a)

The variation of the right ascension of the ascending node is given by

s i

Q-Capoos 2 = HI/35) (/) g2 conw ), (65)

where t is again the time after epoch, Qis given by

(r}!)/a.o)'z/2 cos 1

= - 9.9596
g (1-¢5)?
(x )11/2 i
- 0.048778 E:io 2)4 2 o (1 - % sin2 io) (1 + % eg) (65a)
-e
o]

expressed i units of degrees per day, and the short period variatioan is
.2 2 . g - .
Qs 2 J2(rE/po) cos i (v-M) + e, sinv - % e, sin (v + 2w)

- % sin 2(v +w) - % e, sin (3v + 2w)].(65b)
Finally the argument of perigee variation is given by

:3:11‘12 i - e2 cosx2 i
0 0

w =wEPOCH +Wt - }é(JS/Jz) (rE/Po) s, sin L 2 cosw +O\)s (66)

[ ]
where again t represents time after epoch, W is given by
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D (rE/a,o)'T/2 (5 cos® i - 1)
= 4.9798
(1-¢2)?

(r./a )11/2 cos i
+ 0,097555 —=—2 0 [

31 .2 .. 4 4L .
(1-62)4 1 - sin 16"16 sin 10]
o

8 (66a)

expressed in units of degrees per day, and the short period variation ws is
2 .2 .
ws‘ = 'g I, (rE/po) (2 - g sin io) [(v -M + e, sin v]

- 2 ain? i _1 L ;
+ (1 % sin io) (eo L‘_eo) sinv+}ésin2v+12 e, 8in 3v

2
sin~ i
- (% e, - %2' e, gin’ io + —E—e—o—g) sin (v + 2w)

1. L2, 5 2.y .
+ 16 € sin” i  sin (v-2u)-}é(l-281n 10) sin 2 (v +w)

. 2
T sin io

1 1 . 2 .
*“‘1‘2"%“"6‘%*&%% sin io) sin (3v + 2w)

+ % gin® i, sin (bv + 2w) +1—l6 e ain’ i, sin (5v + 2w) o . (66b)

In equations (61), (62), and (63), & s e, i_, represent the constants of
integration; in equations (64), (65), and (66), MEPOCH’QEPOCH’ and %POCH
represent the values of mean anomaly, right ascension, and argument of

perigee at epoch (t = o) from which periodic perturbations have been sub-

tracted.



CHAPTER IV

MODEL ACCURACY VERSUS SYSTEM ACCURACY

Measurement of Satellite Position Errors. Measurement of satellite

position errors along the orbital path involve first the construction of
what we shall call an error plane normal to the reference orbit plane.
This is accomplished by constructing a unit vector normal to the plane

of the orbit and a unit vector in the direction of a line which passes
through the center of the earth (see figure L), The vector cross product
of a unit vector along the line of nodes in the direction of the ascending
node with the position vector from the center of the earth (which here is
taken to be ﬁl) produces a vector normal to the orbital plane. ‘Therefore
¥ x & (67)
where N, ﬁl’ and A are unit vectors, and A is the vector normal to the

orbital plane. A unit vector normal to the error plane is then constructed

from

=l
|

X%

il
I

‘ (68)

B
=]

x5

Once the error plane is determined, we can measure satellite position
errors in this plane between an unperturbed or reference orbit and some
other orbit which we shall call the perturbed orbit. In figure 5 orbit

1 represents the unperturbed or reference orbit and Pl is the point where
this satellite path intersects the error plane; orbit 2 represents the
perturbed orbit and P2 is the point where this orbit intersects the error

plane.
40



FIGURE 4 - CONSTRUCTION OF ERROR PLANE
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FIGURE 5 - UNPERTURBED AND PERTURBED ORBIT PATHS
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In the computational procedure for calculating these position errors,
we begin with a set of unperturbed orbital elements at some epoch, repre-
gsented by the position vector'EO in figure 4, and we also have a éet of
perturbed elements at this same epoch, represented by a slightly different
value of §5. The unperturbed true anomaly at this epoch is then updated
by some arbitrary small increment and a corresponding time difference is
computed from equation (18). Using this time difference the argument of
perigee can be updated using equation (16), and longitude of the node at
this time can be computed from equations (23a) or (23b) once GHA has been
updated and regression during the elapsed time has been computed from
equation (15). Assuming the semi-major axis, eccentricity, and inclina-
tion are essentially constant during this time interval, the coordinates
of this point, and hence the position vector El’ can be calculated using

equations (41), (42), and (43). The vector N can be computed from
¥ = cosAn I - sinAn 3 (69)

and then vector A can be computed from equation (67). The unit vector
normal to the error plane is then calculated from equation (68). This
procedure establishes the error plane at this time, normal to the orbital

plane, where the point P. is given by the components of'ﬁl, namely Xl’ Yl,

1
and Z..

1

(It should be noted here that the above updating is done using only
a very approximate model of the earth's potential.)

The perturbed true anomaly is then updated by the same small incre-
ment and the corresponding time difference is again computed from equation

(18). All of the orbital elements are then updated according to the first

order model of the earth's potential using equations (61), (62), (63), (64),
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(65), and (66). This updating procedure involves first the computation

of the constant set of elements 2y s io’u%EPOCH’g}EPOCH’ and HEPOCH
from the given set of perturbed elements at epoch, using this given set

a8 a first guess for thé constant set and performing an iteration process
until successive constant elements are within a pre-~determined tolerance.
Having obtained this constant set, the argument of perigee and mean anom-
aly can be updated approximately assuming only a first order secular vari-
ation for them. The mean anomaly can then be converted to true anomaly
and a first guess for all of the updated elements for the given time in-
terval can be calculated from equations (61), (62), (63), (64), (65),

and (66). This computation produces more accurate values for the argument
of perigee and mean anomaly, and having again converted this more accurate
value of mean anomaly to true anomaly, we can begin an iteration process
by substituting the successively more accurate values of argument of peri-
gee and true anomaly into equations (61), (62), (63), (64), (65), and (66).
This iteration process is terminated when successive values of each of the
updated orbital elements is within a pre-determined tolerance. This final
set of updated perturbed elements can then be substituted into equations
(41), (42), and (43) and in general will produce a point P; (see figure 5)
which does not lie in the error plane. In addition, the time at which the
perturbed satellite reaches the error plane will differ from the time of
arrival of the unperturbed satellite by some small amount. The point Pé
is then adjusted to the point Pz-in the error plane by adjusting the time
difference between the epoch time and the time of arrival of the perturbed

satellite in the error plane until the distance of the perturbed satellite

out of the plane is less than a tolerance of 0.0l mile. Once this is
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done, the errors between the two paths in the error plane can be computed
as follows:

1. The cross track error,[&x, is the component of the vector F;?l

2Pl’A.

2. The height error,[&h, is the component of the vector P2P1 along

along the vector A and is given by

the veotor'ﬁi and is given by P;Pi‘ﬁl.

3. The range error,[XR, is merely the square root of the sum of the

squares of the cross track and height errors.

4, The time error,l&t, is the difference between the time of arrival

of the unperturbed and the perturbed satellite in the error plane.

The above procedure is then repeated by incrementing the unperturbed
and perturbed true anomalies for one or more complete revolutions of the
unperturbed and perturbed satellite paths. Since the difference between
the epoch anomaly and some other anomaly at a later time, corrected for
the rotation of perigee, is defined as the central angle, this enables
us to plot height, cross track, range, and time errors as a function of
central angle for one or more revolutions.

The procedure outlined above for the construction of the error plane
and uvupdating the unperturbed elements was developed and adapted for the
Naval Research Electronic Computer by J. A. Buisson and H. G. DeVezin of
the Space Surveillance Branch and the updating procedure for the perturbed
set of orbital elements was developed and adapted for the NAREC by the
author in order to incorporate first order oblateness effects on all of
the orbital elements.

System Angle Pertqrbations. When speaking of system angle accuracy,

it has been found experimentally from optical measurements that there is
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a constant error in the system measurement of direction cosines when the
error in angle is plotted against the cosine of the angle. This error in
system measurement is usually spoken of in terms of some nominal number

of degrees at zenith, which for example could be 0.01°., This means that
in order to compute a theoretical perturbation in the system angle meas-
urement consistent with the nominal system accuracy we take the measured
angle, convert it from degrees to radians, subtract the sine of 0.01° (or
the cosine of B9.99°) from it, take the arc cosine of the resulting number
and this is what we shall call the perturbed angle. This procedure enables
us to generate an unperturbed and eight perturbed sets of orbital elements
from the orbital element computation procedure outlined in Chapter I. The
eight perturbed sets of elements are the result of perturbing one of the
eight input angles at a time. By updating these eight perturbed sets and
the unperturbed'set in the manner cited for the reference orbit in the
previous section (that is we assume a, e, i are constant and tnatOU,g),
and M exhibit only first order secular variations) we are able to generate
errors in satellite position due to system measurement accuracy.

First Order Differential Corrections to the Elements. The functional

form of the orbital element variation equations is

a = Fl (ao’ € ioy v, W)
e=F, (ao, eyr i v, W)
i-= F3 (ao, e , i, v,Ww) (70)

Q” F[_,, (8'0’ eoo io’QEPOCH’ v,w, M, t)
vyw, M, t)

o o7 Mgpoca? V1@ t)
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where we will assume that the elements a _, e , io’(?EPOCH’LoEPOCH’ and
MEPOCH have been computed from a measured set of elements for some given
epoch.,

We would like to have the coordinates of the two observed points on

the orbital path in the form

x = %) (2gs €4r 1y WepoonsS Lupoca’ Mapoca? *)

1 =Y (aor e igs wEPOCH’QEPOCH’ Mepoc? t1)

2y = Z) (851 egs 150 Wepoom Mepocmr )

x, = Xy (a4 ¢5» 100 WpocerS dupocs Mepocu? 2) (T
Yo = Yy (ags oyr &0 Wepoee dppocyr Mapocas F2)

2y = By (850 50 100 Wepongs Mopooys 1) -

Consequently, if we were able to write our coordinate equations in the
form of equations (71), the first order differential correction solution
would involve solving the following six equations for the six unknowns

dao, deo, dio, dUJE,leE, and dME,where for simplicity we shall write duﬁ,

dS?P and dM, for d“%POCH’Jg?EPOCH’ and dMyp ot

BX]_ le BXl bX
dxl =Sa d.a.o +§-e_ deo +B_i; d.lo +b“-b dkﬁ m dQ BME dME

o o
@1=%§iao+g—%deo+%dio+%iia% B—QEdQ bMEdME
dzl..g-gzi'-dao+§—:i-de +%%d1 +§%d%+§%% -
72
d.xzag—zi-dao+%§§de +E§§-di +:—§—u§dw +?K75dQE bMEdME
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Y, 3, ng

dy, = S-a; da_ +52- Beo de *5T di +b"“lg dl«-}g mEdQE«l- BHE M,

B R ¥ ¥ ¥
dz, =g— da_ +g— de + 37— di_ + o AW, + S
2 bao () beo o bio o bo.h “g bHE Mg
where the partial derivatives of the coordinates with respect to time do
not appear since we assume time is measured correctly and consequently

dtl = dt2 = 0.

Unfortunately, the actual functional form of the coordinate equations
, .
is xl = xl (8.1, el’ il,wngl’ Vl)
1]
yl = Yl (al’ 31’ il,qu’§2l’ vl)

'
Zl (&1J el! i ’ )

N
[
L]

(13)

o)
[}

1
2 =X, (ay, ey, i2"“)2’92’ v5)

1
Y2 (32’ 929 12,‘02;92, v )

L)
N
L]

Z (az,e,i u),v)

8o that the first order differential correction equations are of the form

ok X %, Ni oX) oX
R R R T AL T

1, 37 A, 1, 3, 31,
dy, -S;; da, *3 ) de, +bT£ di, +B“i ) +S§1dnl+s;; dvy

?%, bzi d2 *% dZy
dzlnS;;dal+Edel+ledil+Sqdﬂﬁ+s;Idvl (14)
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iy, =§;~°= da, +%§2- de, +g—f2~ ai, +§,Y—2 aw), +§Y2 sz+g—:§ dv
2 2 2 15 -KT& 2
t 1] t ! 1

dr a2y D2, P2y X - au, .

z, = + 55 de, i, + + ==

2 " %a, 2" 3, 273, bag. ov. 2
where the differentials da,, de, di,, dq,dQl, dv), day, dey, di,, diy,
dg)z,dv2 can be evaluated by forming the total differentials of equations
(70) at t, and t,, and by iransforming dv, and dv, to dM, and dM, using
the relationship
(1 + e cos v)> am+ {2 +tecosv) sinv de  (75)

(1 - )2 (1 - ¢

dv =

applied at tl and t2, which is the equation relating the true and mean
a‘noma.ly in perturbed motion. The total differentials of equations (70)

to be applied at t, and t. are

1l 2
>F 3F, ¥ ¥, W
da:g;;dao+4a'—e;deo+§:dio+b—v-dv+gmdu)
F F F F
de=g—a§dao+g—é§-deo+giid1 +a dv+g—du)
F 3F, = JF F, OF _
di=b—-3da +$3de +%1—Z-dio+8;2dv+s-£dw (76)

oF, oF, bFu oF;,
an S;— da +3T— Beo de + di +mEdQE+ B dv

oF, oF,
+.b"—w dw A-deH
JF F SF, OF JF
dﬂ):b—fda. +b—§de -{-b—ii'dl +SU—§%+S;2dV
oF _ oF
+S-£ dw +b.—i§ a
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% oF oFg Lol
dM.-éE;-da + S;- deo +-SZ— dio +~S§; duz

o)
o o o 2

4-§;;i dv +-§§E§«1u)

where again the partial derivatives of the elements with respect to time
do not appear since it is assumed that dt = 0. The solution of the prob-
lem to obtain first order differential corrections, once having applied

equations (76) at t, and tz, is to substitute the resulting equations for

1
dai’ delg dil, Ql’ m’l’ dnl, daz, dez, diz, - 2, du%, and. 6142 into equa-
tions (74) and to replace dv, and dv, in equations (74) by equation (75).
The result of this substitution will be the set of equations (72), which
must then be solved for dao, deo, dio, duﬁ,dglE, and dnk.

This is accomplished by evaluating dxz, dyé, and dz_ and by assuming

2

that dxl, dyl, and dz, are zero as a first guess. The first guess for

1
values of dxz, dyz, and dz, is obtained by calculating the difference

2
between the coordinates obtained directly from the observed direction
cosines at t2, and the coordinates obtained by updating the orbital ele-
ments at tl, using an improved model of the earth's potential, and
substituting the resulting orbital elements into equations (41), (42),
and (43). After solving equations (72) for the differential corrections
to the constant set of elements, these results are then substituted into
equations (76) fof tl and t2 and the resulting differential corrections

for the orbital elements at t, and t2 are obtained. These corrections

1
are then added to the elements at tl and t2, and the resulting elements
are substituted into equations (41), (42), and (43) in order to evaluate

new coordinstes for the two times. The difference between these coordi-
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the two times yields new values of dxl, dyl, dzl, dxz, dyz, and dz The

o°
above process is then repeated until the corrections to the position vec-~
tors dR; and dﬁé are within 0.001 mile,

These corrected elements can then be used as the perturbed set of ele-
ments, and with the elements obtained using an approximate model of the
earth's potential, as outlined in Chapter I, as the unperturbed or ref-
erence set, the comparison of these two sets using the procedure outlined
in the first section of this chapter enables us to produce errors in sat-
ellite position due to model accuracy.

This procedure was also adapted by the author for the Naval Research

Electronic Computer (NAREC) in order to evaluate the corrected set of

elements for many observed sets of data.



CHAPTER V

EXPERIMENTAL RESULTS

Experimental Data. In order to minimize the effects of other pertur-

bations and hence to maximize the effect of perturbations due to first
order gravitational anomalies, experimental data from the Vanguard I sat-
ellite was used in the computation of the experimental error curves for
the ¢comparison of the measuring system accuracy and the model accuracy.

In order to generate curves which would display cross-track, height,
time, and range errors as a result of the accuracy of the measuring system,
the following procedure was used.

First a set of eight observed angles, obtained from two coincident.
observations of the satellite along its orbital path, were used to derive
a set of unperturbed orbital elements, using an approximate model of the
earth's gravitational field as outlined in Chapter I. (These eight observed
angles consist of an east-west and a north-south angle for each of the two
observing stations on the first pass, and a corresponding sef for the two
observing stations on the second pass of the satellite.) Then eight sets
of perturbed orbital elements were derived by perturbing one of the eight
input angles at a time, leaving the other seven angles unaffected, and
using the seven unperturbed angles and the one perturbed angle in the pro-
cedure of Chapter I to derive the elements. (This angle perturbation pro-
cedure was discussed in Chapter IV, and for these experimental data runs,
nominal system accuracies of 0.01°, 0.05°, and 0.1° at zenith were used.)
The unperturbed or reference orbital elements were then updated using an

approximate model of the earth's gravitational field and were used to

51



52

construct the error plane at 10° anomaly intervals along the orbital path;
each of the eight perturbed sets of orbital elements were also updated in
a similar manner and the errors between these sets, expressed in terms of
cross-track, height, time, and range errors in the error plane, were then”
calculated_for the 10° anomaly intervals along the orbital path for one
complete revolution of the satellite. The result of this procedure was
eight sets of error curves in[&x,l&h,l&t, and[\R corresponding to each

of the eight perturbed sets of angles. In order to evaluate the effect
of a system angle error being present in all of the eight input angles at
the same time and in order to avoid the effect of canceling errors, we
calculated the square root of the sum of the squares of each of the errors
at the 10° anomaly intervals along the path forAx,Ah, At, and AR. The
result of this computation was one set of error curves inAx,Ah, At, and
AR for each of the nominal system accuracies used.

In generating curves which would display cross-track, height, time,
and range errors due to model accuracy, a similar procedure to the above
was used.

In this instance, the unperturbed or reference elements were the
same as in the previous procedure and were updated in the sme manner in
order to construct the error plane at 10° anomaly intervals along the
orbital path. However, the perturbed elements were derived by differen-
tially correcting the unperturbed set, using the first order oblateness
model of the earth's potential. This perturbed set was then updated using
the same first order model, and the two sets were compared for the same
10° anomaly intervals for one complete revolution of the satellite. The

square root of the sum of the squares of each of the errors at 10° anomaly
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intervals along the path were calculated here alsc.

The error curves for s typical set of data, displaying cross-track,
height, time, and range errors appear in figures 6, 7, 8, and 9. The
curves labelled A in these figures correspond to the 0.01° angle accu-
racy, those labelled B correspond to the 0.05° angle accuracy, and those
labelled C correspond to the 0.1° accuracy. The D curves in these fig-
ures represent the errors due to the model accuracy. The ordinate axes
in the cross-track, height,and range error curves are expressed in units
of normalized statute miles, each interval being one-tenth of a mile; the
ordinate axis in the time error curve is in normalized seconds, each in-
terval here being one-tenth of a second. The abscissa axes in all of the
curves are expressed in 10° intervals of central angle from the epoch
pass 6f the satellite. Computation of the actual value of the amplitudes
of any of the curves is effected by multiplying the normalized ordinsate
value by the appropriate scale factor of the curve of interest.

Conclusions. The conclusions which were drawn from the typical data
displayed in figures 6 through 9 and the other data which was run were
that if the measuring system possessed nominal accuracies of either 0.05°
or 0.1° at zenith, the errors produced by the system would be approximately
ten times the errors produced by the model when plotting these errors for
one complete revolution of the satellite. Thiy can be seen by noting the
maximum values of the At and AR error curves for one revolution. The max-
imum value of theZSR curve for 0.05° is 23.8 miles and for 0.1° it is 47.5
miles; the maximum value of the[&R curve for the model is only 3.4 miles.
Similarly the maximum value of thel}t curve for 0.05° is 20.6 seconds and

for 0.1° it is 41.1 seconds; the maximum value of the[lt cuarve for the
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model is only 1.8 seconds. Now if the measuring system possessed an ac-
curacy of 0.01° at zenith, the errors produced by the measuring system
would be of the same order of magnitude as the errors produced by the
model. Again considering the maximum values of the At and AR error
curves for one revolution of the satellite, it is seen that for 0.01°
At has a maximum value of 4.5 seconds andZSR has a maximum value of

5.2 miles; for the model accuracy curves At has a maximum value of 1.8
seconds and AR has a maximum value of 3.4 miles.

Therefore, if the measuring system is capable of an accuracy of
0.01° or better at zenith, and we wish to derive a set of orbital ele-
ments from two observed points on the orbital path of the satellite and
predict for small intervals of time (of the order of one revolution of
the satellite) using these epoch elements, the model of the earth's
gravitational field which we use should at leﬁst include the first order
oblateness effects discussed in this work. Conversely, if the accuracy
of the measuring system is more closely related to the 0.05° or 0.1° nom-
inal accuracies, then the procedure for deriving a set of orbital ele-
ments from iwo observed positions of the satellite, and the subsequent
updating of these elements for small intervals of time, could be effected

using a procedure similar to that outlined in Chapter I of this work.



APPENDIX A

OPTIMUM VALUES OF XYZ
In the procedure for computing statistically optimum values of the

coordinates we begin with the set of equations

x = x+Ax
Y =Y +AY (1)
z' = 2 +/Az

where X, Y, and Z are first order approximations to the coordinates calcu-
lated from equations (9), (10), and (11) of Chapter I, X , Y , and Z
represent second order coordinate approximations, andAX, AY, andAZ are
small corrective terms. The equations for the cosine of the north-south
angle and for the cosine of the east-west angle can be written in the form

cos §, = F, (X +Ax, Y +AY, 2 +A2)

(11)

cos 0, = F, (X +AX, Y +AY, z +Az)
where ¢i represents the north-south angle, Qi represents the east-west
angle, i = 1 designates the eastern receiving station,and i = 2 designates
the western receiving station. If we then make a Maclaurin series expan-
sion about the point AX = 0, AY = 0, AZ = 0 using equations (II) we obtain
equations of the form

cos f; = A, + BiAX + CiAY + DiAZ

(111)
1 1] ] 1
cos 6, = A, + BiAX + CiAY + DiAZ

59
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where higher order terms in AX, AY, andAZ are neglected since the correc-

tive terms are assumed small. We can then form a function

2
¢ = 2%2 [Kl + BlAX + ClAY + DlAZ, cos ¢lnr-7

2

@2 + BzAX + CZAY + DZAZ cos ¢2m-7
1 (Iv)

2

cos le—7

2

cos 92m-7 ’

1 1 1 ] 1
‘ /&) + 3, Ax +c Ay + b Az

1] 1 ] !
> [A2 + BZAX + CZAY + DZAZ
2

which is nothing more than the exponent of the exponential in the expres-
sion for the normal probability density function. In equation (IV) cos ¢lm’
cos 25 s cos @, , and cos 9, are the measured values of the direction
2m 1lm 2m
cosines from the north-south and east-west antenna fields, the quantities
' t 1 ' ) .

Ai, Bi, Ci’ Di’ Ai, Bi’ Ci, and. Di are given, and the sigma values 01 and
62 are known from optical calibration of the measuring system. In order

to maximize -the probability that a satellite will be in a given position

for a given time using the measured direction cosines at that time, we

must minimize the function in equation (IV). This requires that we form

b%%w; a%%"’; b—%"éw )

which will produce three linear equations in the three unknowns AX, AY,

the expressions

and AZ. Solving equations (V) these terms are then substituted into equa-
! t t

tion (I), and the above procedure is repeated using X , Y , and Z in place

of the original X, Y, and %2 until the square root of the sum of the squares

of these corrective terms is within some arbitrary tolerance.



APPENDIX B

DETERMINATION OF ECCENTRICITY FROM TWO
OBSERVED SATELLITE POSITIONS
The measurement of two positions of a satellite, the central angle
between these two position vectors, and the semi-major axis of the orbit
yield sufficient information to determine the eccentricity of the satel-
lite orbit. Using the defining equation for a conic section at each of

the positions of the satellite we can write

_ a (1—62! (I)
1~ l+e cos vy

- a (l-e22 (II)
2 7 l+e cos 2

where Vo = V1 = oC(1is defined as the central angle between the two posi-

tion vectors. Therefore we can write

2
a (1-e°)
R1 = l+e cos (v2 pa) (111)
and from simple trigonometry we know that
cos (v2 -ol) = cos v, cose< + sin v, sino¢ (Iv)
and sin v, = V1 - cos® v (V)
2 2
From equation (II) we obtain
a (1-e2) - R
cos v, = 2 (v1)
2 eR2 *

Substituting equation (VI) into equation (V) we obtain the result

61
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. 1 2 2, 2 2
sin v, = Eﬁ; —\/(l-e ) ZEARZ - a“(1-e%) - R2;7 (VII)
and now we substitute equation (IV) into equation (III) to obtain

, cos ol + sin v, sinot/ = a(l-ez) . (ViiI)

Rl + eR1 [;bs v
Then we substitute eguations {VI) and (VII) into equation (VIII) and group
together the terms with e4 and e2 as coefficients. After some algebraic

manipulation we obtain an equation of the form

Ae4 +B2+C=0 (1x)
where A = a® (ﬁé - ﬁi)z
B = -2a° (R, - §)° +2a (RS + B R,) (1-cosex)
- B B} sinx
C = a’ (§2 - ﬁl)z + 2 (l-cosec) Ri Rg -a (R1R3+ R§R2i7,

The solution of equation (IX) is

, B VB? - 4AC

2 - - . (1)

Equation (X) yields two values for e2; for each positive value of e2, take

the positive square root, and these are the two eccentricities.



APPENDIX C

DERIVATION OF ORBITAL ELEMENT VARIATION
EQUATIONS USING THE PFAFFIAN EXPRESSION
The derivation of the Pfaffian expression § @ g~ s =0, and a
discussion of the application of Pfaff's method to celestial mechanics
is found in the article by Bilimovitch; a general discussion of Pfaff's
expression in analytical dynamics may be found in the 1iterature.25

The expressions ¢d and ﬁ; are defined as

n

gy = Z py do; - Hdt (1)
i=1
n

Bo=) by oa -Et (11)
i=1

where pi = generalized momentum

qy = generalized coordinate
t = time
H = Hamiltonian of the system.

The é-operator indicates changes in initial conditions and the d opera-
tor implies changes along a trajectory. Now assume we have picked a

transformation for which

P = p (Zl, 22, cee e zzn; t)
g=q (zl, Zyy eee By t),

Therefore we have
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2n

¢d = Zzi (zl, Zpy eee By t) dz; + Hdt
i=1
(111)

2n
}?5{ = Zzi (zl, Zyy eve By t) gzi + HEt
i=l

2n
.Y Y
and 5¢d-d¢é.= Z (5;%- dZi)Szi + (8§Q" AF)§t =0 .

i=1
Since the above variations are arbitrary the coefficients of 6' z; and c{ t

may be set equal to zero, and we obtain

2n 3

(z% -4z) =0 (v)
i=1
%gi -dF =0 . (V)

BEquation (IV) is the important equation to be considered in the derivation
of the equations for the variation of the orbital elements. In the disturbed

two-body problem the Pfaffian expression is written as

¢d=Ld1+Gdg+Hdh+th (v1)
where E=%+R
a

and R = the disturbing function. The gquantities L, G, H, 1, g, h are the

DeLaunay canonical elements and are defined as
La'\/u,a 1=n(t-to)
G = Vua.(l-e ) g =W (viI)
Ha=a Vua(l-e!) cos i n=().
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Substituting equations (VII) into equation (VI) we have

¢d é\&IE" dl + V[La(l-eé) (dw+ cos i an)
+ (-Ij—a +R) dt. (viiz)

Using equation (VIII) the equations for the variation of the orbital
elements can be derived immediately. For example, if we let z; = 1, then
= L, as can be deduced by comparing equations (III) and (VI), and there-

&1

fore equation (IV) is written as

28
ﬁ@-a G ) =o. (IX)

From equation (VIII) it is obvious that

oy 2,
21 ~ AN
so that equation (IX) becomes

% at - d(‘\/pta' ) =0, (IXa)

From equation (IXa) the equation for the variation of the semi-major axis
is immediately derived as

da _ _20R (x)
dt " nadl °

Similarly the equations for the variation of the other orbital elements
can be derived by letting z, = i, z3 =W, z), =f), z5 = e,and Zg = a. The
corresponding equations derived for the above sequence are the time deriv-
atives of the right ascension, eccentricity, inclination, argument of

perigee,and mean anomaly respectively.
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