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Systematic Errors in Ultrasonic

Propagation Parameter Measurement

Part 3 - Sound Speed by Iterative Reflection-Interferometry

This report shows, that, although the free-field diffraction and guided mode dispersion
errors detailed in Parts 1 and 2 of this series do carry over to the case of iterative re-
flection (accomplished by adding a termination to the liquid cylinder), the errors for a
given geometrical configuration are smaller for interferometry than for nonterminated or
pulsing situations. Indeed, the approach with improved parameters is toward plane wave
results for interferometry rather than toward free-field results as is the case for pulsing.

Other advantages accruing to interferometry are (a) the use of differential instead of
total, acoustic paths, (b) the simplified determination of these paths by the use of par-
allel source and reflector, (c) the simple measurement of frequency rather than small
time intervals, and (d) the suitability of the method for determinations of chemical con-
centration (salinity) and pressure coefficients, as well as the temperature coefficient.

This report includes many impedance circle plots as well as the more usual reaction
plots for ultrasonic interferometers with walls that are either infinitely flexible, abso-

lutely rigid, liquid, or elastic. Various parameters including tube size, source size,
source-to-reflector separation, frequency, and attenuation coefficients are included
along with several imposed characteristics. The plot readings, and apparent sound
speeds calculated from them, are tabulated. Errors may be as large as a few percent
or as small as 6 parts per million (0.01 m/s).

INTRODUCTION

Earlier reports in this series were concerned with the effects of free-field diffraction from a
piston source (1) and the effects of guided mode propagation along cylinders (2). These reports
demonstrated that appreciable errors in both sound speed and sound absorption can be attributed
to the neglect of these effects. It was also indicated that for nonterminated situations or those
for which one can utilize time separation of responses (as in some pulsing methods), piston
sources with a radius a of 10 wavelengths (corresponding to ka = 2077 where Ic = 277/1\ 1) result
in almost identical plots up to zXIl/a 2 = 10 for the respective magnitudes and phases relative
to plane wave values. This is true irrespective of whether the lateral boundary conditions are
those pertinent to a cylindrical enclosure with absolutely rigid walls, infinitely flexible walls,
liquid walls, or elastic solid walls, provided that the ratio of the fluid cylinder radius b to the
crystal radius a is greater than 2. For b /a > 10, all boundary conditions considered coincided

with the free-field calculations for the same piston up to a range of z.l/a 2 = 10 where z is the
distance from the piston measured perpendicular to its face. The impossibility of obtaining
uniform piston motion when b/a - 1 was noted, and the ineptness of such a choice was indi-
cated by both the drastic changes for absolutely rigid boundary conditions when this ratio is
slightly greater than unity, and the larger anomalies at b /a = 1 for the more realistic consid-

eration of elastic solid boundary conditions.
A much earlier report (3) indicated that a deliberate attempt to destroy cylindrical symmetry

could in fact result in close approximation to the conditions of free-field propagation for con-
tinuous waves in a terminated enclosure. But the experimental finding also indicated that
although the anomalies could be found at predicted distances, they were damped appreciably
and the final result closely approxluated a plane wave. (Also see Ref. 1.)

This report adds to the two earlier ones in this series a termination to the liquid cylinder.
The references contained in the first three references herein are considered to comprise a
comprehensive introduction to ultrasonic interferometry.

The procedure utilized in this report will be to discuss the interferometer situation from the
standpoint of the formulation pertinent to propagation in a right-circular cylindrical cavity, that
is, from the standpoint of guided cylinder modes. Free-field conditions can then be approached

NRL Problem S01-02; Project RF 101-03-45-5251. This is an interim report on the problem;
work is continuing. Manuscript submitted March 16, 1966.
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V. A. DEL GROSSO

by letting the tube diameter b increase without limit (proceeding from the Fourier series of the
discrete set to the Fourier integral of the continuum).

FORMULATION OF ITERATIVE REFLECTION

The configuration we assume is again a right-circular cylinder of fluid I (see Fig. 1) of finite
radius b and length P, terminated at one end by a piston transducer of radius a (< b) which is
set in an infinite baffle, and closed at the other end by a plane-parallel reflector III of radius
b and extending to - for z > P. Both source and reflector are centered on and normal to the
cylinder axis. The cylinder of fluid is otherwise enclosed by another medium II.

INFINITE
BAFFLE'

Fig. 1-A right-circular, cylindrical cavity of liquid medium I capped on one end by a driving source of
radius a in a baffle and on the other end by a reflector medium III of cavity radius b. The cylindrical
cavity is otherwise surrounded by a medium II

Separating the harmonic time dependence from the ordinary wave equation

1 02 tp
V 2 qJ +- - 0, (1)

C
2 0t

2

where WF TI (r, 0, z, ), yields the time-independent Helmholtz equation

V2 + k 2 Y _ 0, (2)

where 95(r,0,2). The solution of Eq. (2), for both incoming and outgoing waves, is

given by
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Y~nm (Cnm cos nO + Dnm sin nO) X (Gnm n(/r k2 - qna2 (3

(Enme '=' +Yn-inm 2)

Invoking circular (axial) symmetry restricts n to 0, whereby

2 _ 1 z -iq z)e
om 0 0m GO 40g(r k q o )(Eo0 ei OzF 0 e m (4)

ho -~ q0.\) (Kome~Om +~Om z\

The characteristic value

Xom bk 2 - q2 (5)

is determined by the characteristic equation appropriate to a given lateral boundary condition;

from Eq. (5), we obtain

qom k2 o(m) (6)

We again assume that the time-independent field inside the cylinder may be expanded in terms

of the natural modes cy0m as

Yr, 2) - ((X 0M) (Ko q0  " 0im + L Oe iq O. ) (7)

m

where, as justified in Ref. (2) for all boundary conditions considered herein, we consider the

Yom to form a complete orthogonal set.*

At , = 0 we have

0~,) X .4Orom)(K Om+ L Oin (8)

and, invoking orthogonality,*

in

For a piston vibrator of radius a < b, the function p(r, 0) -- Yo (a constant), and the limits
of the integral are from 0 to a (rather than b). Then

KO +LOm= b X [42(X 0 ) + (10)

* This restriction is later removed and is in fact valid only for b/a > 2. (See section on "Procedure for

Nonorthogonal Modes.")
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To calculate the impedance at the reflector end we restore the time dependence (e -iwt for
outward-going waves)

YOM (r, 2, 1) = go r x ) one +-t) + L oine i(-qo.2 -Wt)

and, using the relation for the pressure p given by

a '

we obtain

Po() = P(K 0 eiqomz + L oe-iqomo) ( ic 0 1 0)

where

P i) 1 40 (r x1in) -iwt

and p 1 is the density in medium I. Similarly,
2 direction, given by

from the relation for the particle velocity u in the

u(z) = d, /;,

we obtain

q onP' (Ko0 e -

o ( p )

L on
e - i q

Omz )

with P defined as previously.
Now, the impedance in the o direction is defined as

p
Imp ( ) =-

and we shall denote the impedance of the reflector material as p3 C 3 where P 3 is the density
and C 3 the wave velocity associated with the reflector (medium III). So,

limp(z)] = p 3 C3

and

P3C3 q0 K 0 + Lome - i q o m)

which can be directly transformed to

Ic1  P C 3\qg " f q0MP3 C3\\jq.FK I+ + Lore -- e 0.K k-I PIC) k i PICI)

(11)

(12)

(13)

(14)

(15)

(16)
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Considering the source as a receiver (r= a), the average time-independent velocity potential

becomes

7 a (r, z) 2 r rdr, (17)ira2 
O

and utilizing Eq. (7) we obtain, after some manipulation,

<y> m(KMei0mo + L (Xom-g)b(18)

From p -p (0 y/ l) = ip cy we have

<p> 0 = iP E(KOM + Lom)1 (Om ) (19)

m(X0Mib)

Similarly, from u = dqy/dz we could write

2=0

and obtain from Eq. (18)

<U> 0 = , iq 0 m(K 0 M - 0or 0a)2 4 l ( X  -  (20)

(X f)

However, we do not use Eq. (20) to calculate the impedance at the crystal but rather use the

nonaveraged U 0 at source (z = 0) as a piston, that is,

(- = U 0 (a constant),
'z=0

which leads directly, invoking orthogonality,* to

2W 0  a ,( 0 M )

0 ML 0 b X 0 [ J (X o ) + (X(21]

*See preceding footnote.
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The radiation impedance of the crystal is defined as the quotient of the force exerted by the

piston on the medium (negative of the force exerted by the medium on the crystal) to the velocity

of the piston or

Kp>o
U0

Thus,

(22)

m qor (Kom

(K±om+ )4 44(Xomj )

- L 0m) X01 [40, (N 0 M) + il (OM)]

We may rewrite Eq. (16) by defining

A P 3 C3Ic1 p1 C1

(A-1) e- i q Om p

Kom ._Loin

(A+1) e' q o .

and

Kom + L or

Kom- Lom

e-iqom ( + A I eiY0mFe - 1 - :A)/~
.iqo, + A) iqP

By further defining

+A
lA-

we obtain

41 0M -iqom + S I eqom

-paqr Xm2 ( 2 (X+o)]
,M ,M om[9o (Xo,,) + Al( o,)

We note that it may be easily shown that

4CO I(X 0 )

X 2
[ 2 (XOn) + 2 (XoM)]M=0 0o7

but we also note from p. 8 of Ref. 2 that m is summed, at most, to X 0m < kb. For this case,

Eq. (29) is not equal to 1.

(23)

(24)

(25)

(26)

(27)

(28)

(29)

0MT,
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If we now define

0 - coth- 1 A

we find that

1 + coth0 =e20,
1 - coth 0

and finally

Z Jq0 - PC ( ° + a)[ao I ( X 0 in coth (iq 0 7 + 0)

which is in the form

Z 0 = 2 coth (iqorae + 0) (33)

used, for example, on p. 14 of Ref. 3.

INTRODUCTION OF ATTENUATION IN FLUID

As mentioned earlier, the Xom are the characteristic values determined from the character-
istic equations appropriate to given lateral boundary conditions. As detailed in Ref. 2, the Xoin
are taken to be pure real numbers, even when a complex propagation number is introduced.

Thus the characteristic values themselves are not modified by attenuation, and the effect is

restricted to propagation in the modes. We recall that there is no approximation involved in
this procedure for the limiting boundary conditions of absolutely rigid and infinitely flexible

walls. In this report then, we also introduce absorption by letting*

C -(,
Co- 00

0 0
koo

I 1 -k = c00  -io 00

q q ' o - iO0 m O0 o M (34)

0 -0 O* = coth-1
p 3 C3 qM

P C* k
coth-1 I 3 p3 C 3 (qM -

k0 0P1 Coo (k 3 - ia 3)

coth- I3 (q] M 0M

PI(k 3 - ic 3)

*This notation follows that in the earlier reports in that the star superscript refers only to a complex

value of a previously real number.

(30)

(31)

(32)
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We find as before (2) that

a IcO -0
0M M (35O!o70 /M

2(M ) 2= koo - a2 -0M~~ 00 00

Equation (32) may then be written as

k0 0p lC 0 0 M

zo=,

( n)(O b)

4
N 

Mi ) +1k
4 +ca

4

00 00

±2k
2  a2
00 00

2

(-2(on)

2
a0 0

k 
2

00

[(ki)2

× coth 4iq0M p 4

2 k,2 I

00 001
M 2Yom)2

M ookoo
M

qo M

x2 [j2(K) + J(0)

coth- 1 (u + iv)]

where coth- 1 (u +iv) -- O*.

DEGENERATE CASE OF PLANE WAVES

Equation (32) may be written as

Z 0 = Z coth (iqof+-O)

where

c_ - k 42 om

Yx2 [4 2(X ore )  + A ( 0mn qom 02M ()m)

and

0 - coth 1 p 3 C3
pic1 k1

and
1/2

(36)

(37)

(38)

(35)

+ i° ° °°4j2(o )q b



NRL REPORT 6409

with

b k 2  2
XOM -b k Om-Z

We could also write

coth (iq 0 e0+0)
sinh 20 - i sin 2q0 m

cosh 20 - cos 2q 0 m f

For plane waves only, we note that

qom - koo and Xom -, 0,

so we find directly that

Zop = PiC 1 coth (ilcU+0')

with

0' - coth -1

PIc1

and we could then write

Zop sinh 20' - i sin 2kF

P1C1 cosh 20' - cos 2kf

for plane waves in a medium with no attenuation. We note that Zop p 1C Iis real when either

2k = (2n-1)77

or

2k = 2nr.(

Equation (42a) signifies the minimum R since, for this case,

zop Rop
PICo P l

p1C 2)C2

RpC
sinh 20'

cosh 20' + 1

p 1C 1
tanh 0 '

P 3 C 3

(41)

42 a)

43 a)

(42 b)

(42c)

(42d)

(39)

(40)

and
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Equation (43a) implies the maximum R since then

Zop Rop

P1 C1  P1 C1

for

-Ll

HOP
= coth 0'

PIU 1

P 3 C3

P IC1

We thus note that for plane waves in a nonabsorbing medium both max H and min R coincide
with zero X (reactance) and are thus points of zero phase.

To allow for intrinsic absorption of plane waves by the medium, we find that the appropriate
equations are modified to

Zop

P IC I

k00 6coth [i(k0 0 -iaoo)V + 0o*]

00 00

where

*' coth' P3C3k3 (kI- ia1) coth_ 1 P3 (k-ial)

pCk 1  (K -a 3) p 1 (k 3 -i+)

coth1 [U i'+ iv'] D'±0 iEhI '

So we may write

ZoP

We note that, if a << k,

Zop

PICI

sinh2(D'+ af) - i sin2(ke -E')

z cosh2(D'+0 p) -- cos2(k - ')

sinh 2(D'+ a) - i sin 2(ke-E')

cosh 2 (D'+ of) - cos 2 (k-f .-l')

Again we note that Zop/p 1 C1 is real for either

2kf - 2E'= (2n, -1)7

2kf - 2E'= 2n7r.

and

(43b)

(43c)

(43d)

(44)

(45)

(46)

(47a)

(48 a)
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Equation (47 a) implies, for

that

Z o p

pIC 1

(n,

A?0p
-HO tanh (D' + 0f)

PIcI

which corresponds to the minimum A. Similarly, Eq. (48a) implies, for

nA E"

2 I

Z0 o HOP = coth (D ' + e)

PiCi PiCI

which corresponds to the maximum R.
So we note even with an attenuating medium that both max

points of zero phase for the plane wave case.
A and min A occur very close to

PROCEDURE FOR NONORTHOGONAL MODES

Equation (21) was obtained by invoking orthogonality in the usual manner. In a previous
report (2) we found that the modes for liquid and elastic solid boundary conditions were non-
orthogonal but that the errors attributable to the erroneous (but simplifying) assumption of orthog-
onality were insignificant in the nonterminated situation, except for b "2- a (and then only for
elastic solid walls). We will now detail the procedure and the resulting formulation so that we
may calculate results both ways for this reflection situation and determine where, and indeed
whether, the orthogonal simplification may be used.

Again using

{ =0
Uo (a constant)

with Eq. (7), we obtain, after multiplying by

TA( (Tr Nb

and integrating with respect to r over the limits 0 to b,

fb 
/ 

on) Xf No xo f N dr f b)oU0
(0 N o\

(47 b)

(47 c)

that

(48b)

(48c)

(49)
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Since U0 extends only to a, the right-hand side of Eq. (49) becomes

right-hand side Uo (X ba

X0g

Here we simplify the notation by defining

A? ( N0m)

and obtain

f6 iq0 ,n (K Om
07m

- L 0M) 8 0 17 ofgrdr

which expands to

iq 01 (K 0 1 -L 0 1 ) f b 01 rdr + 02 [K 0 2 -L 0 2] j e02 P01 rdr
0

+ iqo 3 (K0 3 -L 0 3) fo

q0 1 (K0 -L 0 ) f

+ iq 0 3 (K 0 3 -L 0 3)f

A?0 3 A? 01 rdr +

A 0 1 A 0 2 rdr + q0 2 (Ko 2 -02)

A 0 3 A? 02 rdr + "-

iq01 (K0 1-L 0 1 ) f R01 e03 rdr + iq 0 2 (Ko2-L02)
fo) e 02 1? 03 dr

+ iq0 3 (K 0 3-L 0 3) f 3R rdr +03

(53)

We recall that

Sm[ro2 (Xo[() + f (X o7)]
0 M

(50)

(51)

ab
0 x f X o f b

ab
N0 1 X (N 01 a)

(52)

ab
U- X 0 2 1 X b0 2 a f 0 2 rdr0

ab
U-00 N 3 X (N 0 3 a)

(54)
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and

iq OM (KorM-- Lorn)
JaU0\ ) bi 0r 2bl rdr

(55)

iq (Kom- L i)(N 2 )o, ~~ ~ ~ e o, -o,) x 2 _Xo XO 0 (0n) A 1(X ) j

_-X OM A 0 (X of) 4 1 (X 07n)

and we solve this finite set of simultaneous equations (m is summed up to X. < kb) for the
various KOM- Lo. We note that, for example,

K01- Loi = NIU o

K 0 2 - L0 2 = N 2 Uo

SKoma - Lore Uo
U0

Nn

etc,

(56)

where the Nr are numerical constants, so we may, combining this with Eq. (19), write

(K +L0- 2 1 ( 0 7 N .

U o 0  
in m om - L Orn} N a

XOrM
(57)

Relating this to the previous orthogonal form, we find that

_2iaT 2 (X (N b)
(for orthogonality) bqoXoa [(Xo ) + J ()1 (58)

Continuing the development then we obtain Eq. (32) in the form

zo = IT 2ioPClkl A,11 (XN O)N M

N0 a
coth (iqoC+O)

0 - coth -1 A

and

where again

(59)
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and

A !70 P 3 C 3

ki P iC 1

and the Nm are obtained as solutions to the simultaneous equations.
Besides these two alternatives of either (a) assuming orthogonality of our expansion functions

(which assumption we have previously found to be generally erroneous, although permissable
within certain limits) or (b) solving the set of simultaneous equations just detailed to obtain
the correct expansion coefficients, we have a third possibility, namely, (c) orthogonalizing the
nonorthogonal set of functions we generate from the roots of the various characteristic equations
appropriate to the four boundary conditions considered. We now detail this third alternative.

First, for simplicity of formulation we return to the subject of the immediately preceding
report (2) involving no termination of the cylinder. To reiterate, we obtained a set of character-
istic values Xom from the several boundary condition characteristic equations. The character-

istic functions RAor are then formed as

0M X 077)'(60)

and the expansion for velocity potential is

inqK rz : ~ K om ~e iq0. (61)

with the individual modes designated by k0 r7 and the expansion coefficients by Korm. The
coefficients are obtained in the usual manner by writing 95 (r, ?) at the origin (z = 0), multiplying
by rA 0g, and integrating with respect to r over the limits 0 to b. With the assumption that
95 (r, 0) - 90 (a constant) over the radius a, the above yields

N f a ) = J K o A oM Roerdr. (62)

This set of simultaneous equations can be written in matrix notation as

2  dr oo b dR l K

Xoo o "'

ckoab " . (63)
0

_om b)R ?0  rd R om R d... Kom

N 0m

If the 170m form an orthogonal set, the matrix containing these terms becomes a diagonal matrix,
all other terms being identically zero by the definition of orthogonality. Then separate equations
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are immediately obtained as

ab (
0 Xom mb

2 rdr/om f 0m

which, using Eq. (54) yields the coefficients directly as

(64)

(65)
0 bN 0 [4(N 0 ) + JI( o)

If, however, the functions R/om are not orthogonal, and they generally are not for our realistic

cases, the off-diagonalelements of the matrix do not vanish and the determinantal solution

must be obtained. We then made use of the relation

R OM Rog rdr
b2 m 4 0 (X 0o) A, (XOm)

2 
- X L-Xf o om)o (o (66)

and solved the complete equations for the Korn to obtain what we called the actual coefficients
as opposed to those derived from the orthogonal assumption. The third procedure we may uti-
lize is to develop modified characteristic functions a?0m such that they form an orthogonal set.
We again beg the question of completeness, which may even be an improper question here since

our expansion is a finite series analogous to box normalization employed in quantum theory and
questions of least-squares fit or convergence in the mean may not be germane. However, as a
purely mechanical method of orthogonalizing our nonorthogonal set, we employ the Gram-Schmidt
technique. This is usually found to yield characteristic functions which could have been obtained
directly from some Liouville equation with specified boundary conditions. The technique yields
the normalization integrals directly and can be summarized by the following equations in our
notation

AN00

RN01

R?0 0

Roo N A? 1 rdr

R01

R~ 01 /02 d

0
A 0 2 - N1

RN 0 {RNAp rdr
0o0 Rf00 02

N o

etc., where

0 fo 0 dr(

AN02

(67)
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b
N1  J Rol

N 2 J 02

rdr - R T_

N

b2 b 2
NR Tr nN R T7

f 01 02 f 00 02

J A d? ?

(67 cont.)

etc. However, these '0n cannot be simply substituted with the middle matrix of Eq. (63)
(which is a diagonal matrix for these orthogonal functions). It is instead necessary to go back
to the beginning of the development. Following this line, then, we finally obtain

Jfa (D tN 2r00 rd 0o0)

,[ rdr 0

f a?
o0 2Rrdr 

0

\~Ja
0rn0. f .

rdr 0 0..

0.

0 f e( N 2 rdr. ..0 02

( rdj LoJ
0 ...

which reduces to separate equations

faRVN rdr K Cb(ARN)2 dr

0 0 0rn O J )

This may be directly solved for the coefficients Kom and leads to

2

<95>rel : Z (2 -i (k- q Om)) d

fh(r e w e u) d r

where we used

<95~2 s:KN RAN e q0mz (jr
oin 0M

(68)

(69)

I 

0KO
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and

<>e -ikz
<5>re I  <95>-0 "

But the equations for the present iterative reflection situation are not as simple as those
obtained for the nonterminated case just detailed. We note for this that Eq. (7) may be written

(70)An (KO, eqom2 + Lor e -i q °m)"
Tn

Equation (8) then is, using 95 (r, 0) -, 95

(71)9o 21 o (Kom + L om),
in

and Eq. (10) becomes

L .L
0a N60 RN0 rdr

o0 f o d

Om Of
0 i

(72)

The development through Eq. (16) remains unchanged and continues from Eq. (24) through (27),
and also Eq. (31). Equation (18) becomes

<95> _iq(K0 ~ei m + om2 + L , m) 2
7n ° a f a N rdr,O0 (73)

and Eq. (19) becomes

2 iop0 2( aL

<Pl a2 om 0)
RN rdr.Om (74)

Using U0 = ( /d) 2 = 0', we obtain instead of Eq. (21)

i'n

J0a AOg rdr

L- iU o

m qom

RN RN rdr
Jo ozn Of

(75)
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and finally for Eq. (23) we obtain

z 2pao Kom( + L
0  2 . . .L

a qom \om L oin/

a
RN RNa R f oF rdr

L b
0

(76)

Ro RN rdr

or, eventually, for Eq. (32)

p R rdr R N rdr

0 2 - coth (iqoMF+O)
m a2 qom b R RN RANd

I om Rof d

(77)

where 0 is defined by Eqs. (30) and (24). Equation (76) is easily checked for the case of the
Rom themselves being orthogonal, in which case we delete the superscript N's in using the
above and directly find, using

ROM -. ( o n)

J a
0 A?0 m rdr

a b C La
6 lkoinY)

b R d b 2
[o2 [d = 4 2 (Nora) + J2 (Xom)],
A 2

that

p 1 Kom + L0 M IN(rn-)1 oL.. ( Ko - L o x2 [j2 (Xo) + 4(Xom)]
nm ominoin0o

In summary, then, for orthogonal Rom written as RN , we have

z0 = L 249 'C1c NN coth (iqomf + 0)
m a 2 m

(23 repeated)

o R
N  rdr
0 m7

Ca

-i RN  rdr
Om

0 )RN= ( ) 2 dr

where

N
N-

M

K - Lom

U0
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40 [r (Xo/b)], we have

NN - (X b
o x b [ (X o ) + J (Xo )]

z L 4plClkl oJ2 _ coth (iqomf + 0)

n 2 2 2 (X 0 )]
(32 repeated)

If the Ro7n are not orthogonal, we still have, for R?0 g O[r(NoR/O)],

L a

RomA rdr ab
Xora

( a~.)

But now instead of the simplification

( g N ) 2 d r = b [ 2 ( 0 ) ± ~ ~ 0 )(RL ) d : _ [ 02 (Xo ) + J2 (Xo )]
fo om 2 01

Jo aRoe rdr { 6 L iqomNMRoMRogrdr
0 in

which is just the simultaneous equations (53).

EQUATIONS FOR CALCULATION OF MODES

In Ref. 2 the appropriate characteristic equation for an inviscid liquid cylinder surrounded

by an elastic solid was found to be

40 (XoJ P1 2
2 

2

x o A Rm)P 2 b ks

42

4
8 Ic2

8!- N2 8 o

m 1

K 2 x2
(78)

(2 2r - k 2)2

4 Vy2 - x2ks c orn

And, if RN0r

and thus

we have
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where IM is a Bessel function of the 1st kind, K. is a modified Bessel function of the second
kind, p1 is the guide liquid density, P 2 is the wall material density, b is the tube radius, k is

the media wave number (with the subscripts c and s referring to compressional and shear waves,
respectively), q0m is the mode wavenumber, and we have defined

8 I2 - 2

Y - b I 2 -I k

Ys I-cf2 -Ic2.
s

The roots of this characteristic equation [Eq. (78)] are the characteristic values and are denoted

by XEm.
To consider inviscid liquid boundary conditions, it is sufficient to allow ks - (cS - O)

in Eq. (59), whereby we obtain

0 (X0 m) P2  M0 ( Y 2  
- 79)-n 

(79) X
M hl (Xom) P y2 2 I Y2N 2)

where we noted Y -- Y. From the identities

J{ (1) (iX) =_2 K 0 (N)
7T i

2
II 7"7

we may write Eq. (79) as

_________ p 2  J(1)(i VY 2  
x2~ (0

N0 Mg X ) P 0M Y X L- R (1)(i VY2  X2N~0I MY I-M

where we further note the definition

Y( 1)(X) = (X) + i7 (X)

where E( is a Bessel function of the third kind and )I a Bessel function of the second kind.n n
n is sometimes called the hyperbolic Bessel function and is related directly to in and R by

K() T i X+ I[A(ix) +
2

The characteristic values for inviscid liquid boundary conditions will again be designated by
XL," The foregoing equations are essentially a statement of equality of acoustic impedance
at the boundary.
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If we allow the boundary material to become infinitely flexible, then the equation becomes

k(X0 )
Xora (Xora)

or

o (XFm) = 0 (81)

where the flexible boundary characteristic values are denoted XF.

Similarly, if the boundary material becomes absolutely rigid then

A}0 (Nom)
-k (x 0 )

or

(xRin) - 0 (82)

is the characteristic equation for rigid boundary conditions with the roots designated Xlm.
In the preceding we have obviously chosen a time dependence e- iwt and a corresponding

space dependence e m for an outgoing wave.

STANDARD REFERENCE PARAMETERS

As in the immediately previous report (2) we will standardize our parameters as shown in

Table 1. Again, the reference ratio b/a is equal to 2, and this will be varied between 1 and 10
later in the report. The density ratio and wave number ratio are chosen, as before, to yield an

impedance ratio of 28; together with the Poisson's ratio of 0.325, these values correspond to a
good nickel steel. The latter three parameters are not varied in this report as they were suffi-
ciently investigated in Ref. 2. The absorption coefficient of the guide liquid again has the
initial reference value of zero, but it will later be varied up to 1 cm - 1 (nepers).

Because the results of this report are not immediately transformable to other wave numbers,

as are those of Parts 1 and 2 of this series of reports [here the actual reflector crystal separation
F is used rather than the previous parameter z(X/a 2)], the superscripts I, Il, and V have been

added to k 1 and to the guide k. For the given a = 1.5 cm the superscripts refer to the particular

frequencies 1, 3, and 5 M'tz which yield ka values, respectively, of 2077, 60r, and 1007.

This report adds a third propagation medium, as compared to only two media discussed in the
previous reports in this series. We arbitrarily select P 3 = P 2 and c3 = k 2 . The absorption

coefficient 9 3 is given the reference value of zero, but some results are also shown for
= 0.001 cm-

ORTIHOGONALITY CHECKS

From the previous report we note that the characteristic functions for both liquid and elastic

solid boundary conditions were not orthogonal. Also, although the actual and orthogonal assump-

tion expansion coefficients differed, the final results of average pressure and average phase did

not differ except for b/a = 1 with elastic solid boundaries. We note here that the modes for

these iterative reflection calculations are the same as those calculated in Part 2, although the

expansion coefficients here are obviously changed. We will in this report dispense with any

121
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Table 1

Standard Reference Parameters Used in Calculations

of Radiation Impedance Leading to Sound Speed Values

A - 0.15 cm (sound wavelength in medium I at freq. I)

a = IOX 1 1.5 cm (Radius of acoustic source)

8 2a =20X 3.0 cm (radius of liquid cylinder)*

I = 2nAI = 2077/a (wave number of medium I at freq. I )t

p 2 1p, = 7 (density ratio of outer to inner cylinder media)

ki/k 2 = 4 (wave number ratio of inner to outer cylinder media)

kilk 2 = A2 A1 = C 2 /C1 (C is sound speed in indicated medium)

P 3 = P 2 (P 3 is density of termination)

k3 = k2 (k3 is wave number of termination)

V 2 = 0.325 (Poisson's ratio)

Y I = 0 (absorption coefficient in liquid cylinder medium I)

a 3 = 0 (absorption coefficient in termination medium III)

F= n(A/2)±0.005 cm (separation of acoustic source from reflector)t

*The later variations in b/a from the value of 2 are obtained by changing b only. I III
tThe latervariations in k 1a from the value 2077 are obtained by changingk 1 only. Thus k 1a = 20n7, k la-

V I 3AIII =5 V )III =0 5 mad V =1.3 m
60 7T, and k a = 100 7T indicate that A1  3A 5A1 , or - 0.05 cm and\ 1 0.03 cm.

TNote that n, the number of half wavelenghts, is consistenly chosen so that f represents respective median

distances of 0, 0.15, 0.75, 1.5, 7.5, 15, and 22.5 cm; that is, the n(A /2) correspond to these separations.
So then for X are 0, 1, 5, 10,50, 100, and 150, respectively; then for 1 are 0, 3, 15,30, 150,300, and

V
450, respectively; and the respective n forX are 0, 5, 25, 50, 250, 500, and 750. Reflecting the increased

I I
sharpness of the imposed characteristic indication, the usual variation of ± 0.005 cm for X1 is decreased to

ill V
1/3 forA 1 and to 1/5 for A (± 0.001 cm for the latter). All calculations were made with 100 discrete

points in these intervals, so the kVa = 100T calculations were made for 0.2-micron steps. Additional

points were calculated to extend the circle diagrams for those cases with large aberrations.

preliminary checks of orthogonal assumption vs actual calculations, and we will check only the

final results of sound speed errors attributable to diffraction, which will be calculated using

both methods.

PLANE WAVE RESULTS AND DISCUSSION

Using the degenerate form of Eq. (32) expressed by Eq. (41), we calculated ZoP/P IC1 for

the pertinent standard parameters in Table 1. Noting that Zop - Rop + iXop, we plot in Fig. 2
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R and X vs F. Obviously, for plane waves these curves repeat every n(A/2), and the maximum

value of R0 P remains at p 3C 3 /p C1 = 28 for each successive n(X /2) (for the standard param-

eters) in the absence of intrinsic absorption in medium I. The most noticeable feature of these

28 14
i/

26- 12
//

24- / 10
/

/

22- 8

/

I-/
20 - - 6

18- 4

16- 2

14- 0 X

(-X -n nn)
'2

iX
22

i(cm)

Fig. 2-Real and imaginary parts of impedance (Z = ? + iX) vs source-to-reflector separa-
tion F - X /2 for the standard reference parameters of Table 1 and plane wave simplification

V'))
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curves is that the maximum R occurs at the same f as does the zero of X, namely at X/2, and

thus this distance also corresponds to a point of zero phase.

A more informative manner of indicating this data is to plot the impedance directly in the

complex plane, that is, plot R vs X for specified values of the parameter f. This is done in

Fig. 3. The points indicate values of f differing by 0.0001 cm and the plot is for a range of

the parameter - (X1 /2) ± 0.005 cm. The Xl/2 point is indicated by a larger circle. Obviously

this circle repeats in n(X/2) . As discussed more fully in Ref. 3, and as is obvious from Fig. 3,

the nature of the circle is such that the variation with P is compressed for small H and expanded

for large R, which results in maximum delineation of P about the n(X 1/2) point.

Referring to Eq. (43d) we note that if we allow the reflector impedance to become infinite, that

is, if we assume an absolutely rigid reflector, the result is that the maximum R points occurring

+14

X 0

-141
0 14 28

R

Fig. 3-Circle diagram of real vs imaginary parts of impedance for parameter C '" A1/2 for the standard
reference parameters of Table 1 and plane wave simplification
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at n(X\1/2) now became infinite. From Eq. (41) we obtain, for P 3 C 3 = 0%

Zop Rop .Xop 0 sin 2kF 0
-~ ~~~ + cot k.

p1 C 1  p1 C 1  P1 C 1  1 - cos 2k 1 - cos 2k 1 - cos 2kF

Obviously )op P 1C1 is zero, except at P = n(A1/2) where 2kP = 2n7 and Rop is infinite. Simi-

larly, X op/P = - cot kC is intermediate to -- and +- at these same values of F, taking on

the value zero. Hop/p 1 C 1 is plotted in Fig. 4 for both P3C 3 /P 1C1 = 28 and P3 3 / P 1, 1 = o"

Similarly, Xo/plC 1 or-cot kC is plotted in Fig. 5 for the same two values ofp 3 C3 /iC 1.
It appears that a reflector with the largest acoustic impedance p3 C3 is desirable. But actually

the impedance ratio is the primary consideration. If we allow the reflector impedance to become
zero, that is, if we assume an infinitely flexible reflector, such as a vacuum, we obtain maximum

17 points of infinity at (n - 1/2)(\ h/2) values of C. In other words, these maxima now occur at

the odd quarter-wavelength values of f as opposed to their occurrence at the even quarter-

wavelength (or half-wavelength) values of C for an absolutely rigid reflector.

Again using Eq. (41) we obtain for P3 C 3 /P 1C 1 = 0

Zop 0 sin 2kC 0
- + i = + itan kC.

p 1 C 1  -1 - cos 2kC 1 + cos 2kf -1 - cos 2kC

In this case obviously Rop/pIC 1 is zero, except at C (2n + 1)(A/4) where 2k = (2n + 1) 7T

and Rop is infinite. Similarly Xop /p 1C 1 - tan k F is again zero at the corresponding points.
Figures 6 and 7 show, respectively, Rop/p 1 C 1 and Xop/p 1 C 1 for P 3 C 3 /p 1C 1 = 0 as compared

to their values for p3 C3 /pIC1 = 28, and we again note that the infinite (or zero) impedance

ratio is apparently preferable.
At this point we recall that the standard parameter p3 C3 /p1 C 1 = 28 corresponds quite

closely to the impedance ratio between a good nickel steel and water, and hence adequately
represents an attainable elastic solid reflector. However, if we consider an air reflector with
water medium, then P3 /pI = 0.001 and C 3 /C I 0 .2, so that p 3 C3 /PC 1 = 0.0002 or
p 1 1 /p 3C3 = 5000. This ratio of these impedances is greater than that between steel and
water, and hence we would anticipate increased sensitivity for an air reflector as opposed to
a metal reflector. Such has been tried, but the problems associated with nonplanarity and
nonquiescence of the interface render this technique undesirable. However, the major reason
for eliminating an air reflector is its obvious unsuitability or unadaptability to the determination
of the hydrostatic pressure coefficient of the acoustic parameters of liquids.

We now investigate the effect of absorption in the liquid cylinder. Figures 8 through 11 are
plane wave impedance plots for a reflector to guide liquid impedance ratio of 28. Unlike the
case of zero absorption in the liquid, where the circle in Fig. 3 is repeated endlessly with param-
eter C, we find that absorption results in a shrinking of the circle diameter for half-wavelength
variations at increasing values of P. Actually, the plot, as detailed in Ref. 3, is a spiral, here
converging on the point (1, 0). As is immediately obvious from Figs. 8 through 11, which are for
absorption coefficients of 10-3, 10 -2 , 10-1, and 1 cm - I , respectively, the effect of increasing
absorption for this plane wave situation is merely an increased rate of shrinkage of the circles,
which in these impedance plots and all succeeding ones for frequency I (1 MHz) are for the
specific values of n = 0, 1, 5, 10, 50, 100, and 150 where n is the number of the particular

half wavelength in the guide medium for the standard reference condition k 1 a = 20 77, or
-l = 0.15 cm (C 1 = 1500 m/s).
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1 7 4 (18 0 )  18 6 0
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Fig. 4- Real part of impedance vs C X1/2 for the standard reference parameters of Table 1
(and also for P 3 = - ) and plane wave simplification
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Fig. 5-Imaginary part of impedance vsC ' I /2 for the standard
1 (and also for P 3 = o) and plane wave simplification
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Fig. 6 -Real part of impedance vs C '- A 1/4 for the standard reference parameters of Table I
(and also for P 3 = 0) and plane wave simplification
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Fig. 7-Imaginary part of impedance vsC f- Xi1/4 for the standard reference parameters of Table
1 (and also for P 3 = 0) and plane wave simplification
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0 14 28
R

Fig. 8 - Plane wave circle diagram-real vs imaginary parts of impedance for parameter n(kl/2) ±0.005
cm with n = 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table 1 (except 0  -
103 cmI) and plane wave simplification

+14

X 0
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Fig. 10-Plane wave circle diagram-real vs imaginary partsof impedance forparameter C = n(XI/2) +0.005
cm with n = 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table I (except aL
10-1 cmra-) and plane wave simplification
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0 14 28
R

Fig. 11 -Plane wave circle diagram-real vs imaginary parts of impedance for parameter C n(Xl/2) +0.005

cm with n = 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table 1 (except a
1 cm

- 1
) and plane wave simplification
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Figures 12 through 15 are similar to the previous four except that a realistic absorption
coefficient of 10 -3 cm - 1 has been attributed to the reflector material. A perusal of these four
figures shows that they are indeed individually similar to Figs. 8 through 11, respectively. So
the attribution of either zero absorption or a coefficient of 10-3 cm-1 to the reflector material
results in virtually identical plots for common values of guide liquid absorption coefficients.
It is almost immediately obvious that, as predicted in a previous section titled "Degenerate
Case of Plane Waves", the n(A1/2) points almost precisely coincide, even with a realistic absorp-
tion attributed to the medium, with points of zero phase, maximum R, and maximum Z simulta-
neously. It should be noted, however, that the fiducial n(X1 /2) point indicated for the unrealistic
case of c 1 = 1 cm - 1 are slightly displaced in the positive X direction from the X = 0 axis. The
effect of this on calculated sound speeds will be shown later in the section titled "Discussion"
under "Diffracted Wave."

X 0

Fig. 12- Plane wave circle diagram-real vsimaginary parts of impedance for parameter C = n(A1 I/2)±0.005
cm with n = 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table 1 (except al
10 - 3 cm - I and a 3 = 10 - 3 cm- ) and plane wave simplification
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14 28

Fig. 13 -Plane wave circle diagram-real vsimaginary parts of impedance for parameter C = n(k l/2)±0.005
cm with n - 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table 1 (except ac1
10 2CHI and U3 - 10 cm- ) and plane wave simplification

X 0

-14
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Fig. 14- Plane wave circle diagram-real vs imaginary parts of impedance for parameter = n(X 1/2) ±0.005
cm with n = 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table I (except cc1 -
10-1 cmI and (13 = 10 - 3 cm- 1 ) and plane wave simplification
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Fig. 15- Plane wave circle diagram-real vs imaginary parts of impedance for parameter e = n(Aj/2)+0.005
cm with n - 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table 1 (except 6 =

1 cm - I and a3 - 10 3 cm ) and plane wave simplification
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DIFFRACTED WAVE

Results

A number of impedance calculations have been made on the NAREC computer for various
geometric parameters, frequencies, and radial boundary conditions. These will be detailed in
the order of their appearance.

Figures 16* through 21 are plots of impedance versus the separation distance C
n(A< 12) ± 0.005 cm, with separate plots for n = 1,5, 10, 50, 100, and 150. These figures
compare the parameter b/a values of 1 and 2 and otherwise are for the standard reference
parameters of Table 1. Figures 16a-f are for the boundary condition of absolute rigidity and
Figs. 17a-f are for infinitely flexible boundary conditions. Figures 18 and 19 are for liquid
boundary conditions with the orthogonal assumption and the actual calculations, respectively,
and Figs. 20 and 21 are likewise with the orthogonal assumption and the actual calculations
for elastic solid boundary conditions.

Figures 22 through 25 are circle diagrams, that is, plots of the real vs the imaginary parts
of the radiation impedance for the parameter C = n(A 1 /2) + 0.005 cm with n = 0, 1, 5, 10, 50,
100, and 150. Separate plots are given for individual values of b/a for specified boundary
conditions and otherwise the standard reference parameters of Table 1 are used. Figures 22a-e
are circle diagrams for absolutely rigid boundary conditions and present separate plots for
b/a = 1, 1.1, 2, 5, and 10. Figures 23a-d are circle diagrams for infinitely flexible boundary
conditions and include plots for b/a = 1, 2, 5, and 10. Figures 24a-f are circle diagrams for
liquid boundary conditions with plots for b/a = 1, 2, 5, and 10 and include both orthogonal

assumption and actual results for the values b/a = 1 and 2. Figures 25a-j are circle diagrams
for elastic solid boundary conditions with b/a values of 1, 1.1, 2, 5, 10, 20, and 50, including
plots for both orthogonal assumption and actual calculations with b/a = 1, 1.1, and 2.

Figures 26 through 29 are the same sort of circle diagrams as the previous figures but now
for c I a 607T instead of kla = 207T as was true for Figs. 22 through 25. Because the samet 1values of C were used, the plots are now for C - n(X'1

1I/2) ±0.005/3 cm with n = 0, 3, 15, 30,

150, 300, and 450. Figures 26a-d are for rigid boundary conditions with b/a = 1.1, 2, 5, and
10. Figures 27a-d are for flexible boundary conditions with b/a = 1, 2, 5, and 10. Similarly,
Figs. 28a-e are for liquid boundary conditions with b/a = 1, 2, 5, and 10; included here are
orthogonal assumption and actual function plots for b/a = 1 only as machine storage space
limitation prevented higher comparisons. Figures 29a-g are similarly for elastic solid boundary
conditions with b/a = 1, 1.1, 2, 5, and 10, including the actual and orthogonal assumption
results for b/a = 1 and 1.1 only.

Figures 30 through 33 again are the same sort of circle diagrams, but now for kv a = 100 7

with the sameF = n(X v/2) ±0.001 cm so that n = 0, 5, 25, 50, 250, 500, and 750. Figures
30 are for absolutely rigid boundary conditions with b/a = 1.1, 2, 5, and 10. Figures 31 are
for infinitely flexible boundary conditions with b/a = 1, 2, 5, and 10. Figures 32 are liquid
boundary condition plots for b/a = 1, 2, 5, and 10 and Figures 33 are b/a = 1, 1.1, 2, 5, and
10 for elastic solid boundary conditions. The latter two figures are from orthogonal assumption
calculations only because of machine storage limitations.

Figures 34 through 37 are circle diagrams for b/a = 2 and the four boundary conditions
considered with the introduction of attenuation into both the guide medium (medium I) and the
reflector medium (medium III). A realistic attenuation coefficient of cc3 = 10 - 3 cm - 1 has been
attributed to the reflector material, and attenuation coefficients considered for the guide medium
include 061 . 10 - 3 , 10 - 2, 10 - 1 , and 1 cm - 1 . Figures 34 through 37 are for boundary conditions,
respectively, of absolute rigidity, infinite flexibility, liquid, and elastic solid, all with
k/a = 20 77.

* Figures 16 through 37 are located at the end of this report.
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Discussion

Obviously the results for a plane wave in a nonattenuating medium are such that the fiducial

n(A /2) points correspond exactly to the standard imposed characteristics of zero phase, maxi-
mum resistance, and maximum impedance. In fact the correspondence is to all three im-
posed characteristics simultaneously. As we have pointed out previously, and as readily
seen from Figs. 8 through 15, the attribution of nominal absorption coefficients to the
guide liquid and the reflector medium do not change this observation, and the only effect is the
replacement of the single circle in the z plane by a spiral converging on the point 1, 0. Each
loop of the spiral corresponds to a single value of n(X/2), and the nature of the variation of C
along the loop is such that the points are compressed for small i and expanded for large R. We
also note that the curves comparing reflector medium absorption coefficients c 3 of zero and
10-3 cm "1 are identical. But for the somewhat unrealistic guide liquid medium attenuation
coefficient of 1 cm -1, which for /ca = 2077 corresponds to an absorption per wavelength cc=
0.15, we note that the fiducial n(X/2) points have been pushed above the real axis. That is,

the fiducial n(k /2) points occur at a value of C smaller than that which the imposed character-
istic of zero phase yields. Turning this about, the values of C given by the imposed character-
istic of zero phase are greater than the C for the corresponding n( /2) points, and thus the
apparent wavelengths or sound speeds calculated for this condition would be greater than the
true specified value. Since the three imposed characteristics of zero phase, maximum U, and
maximum Z coincide for the perfect circle obtained for a plane wave in a nonattenuating medium,
we might expect them to occur reasonably together even with attenuation, and thus obtain appar-
ent wavelengths greater than the plane wave value specified for all three imposed character-
istics. However, even though the fiducial n(X/2) points are pushed above the real axis, while
zero phase by definition occurs on the axis, we find that the extremely rapid shrinking of the
spiral for the larger guide liquid attenuation coefficient has resulted in a pushing up by an even
greater amount of the "center" of the circle which is approximated by an individual loop of the
spiral. Thus there is an opposing effect, which may cancel or even dominate, resulting in
apparent wavelengths greater than the plane wave defined value for the imposed characteristics
of maximum R and maximum Z. In particular by referring to the actual calculations and/or to
enlarged figures corresponding to 10-ft-diam plots, although most of the circle diagrams were
originally drawn on 30-in. square sheets, we find that the following apparent sound speeds (in
m/s) are calculated in the n intervals of 0 to 1, 1 to 5, and 5 to 10, respectively: for zero
phase, 1500.860, 1500.990, and 1501.584; for maximum M, 1500.000, 1499.840, and 1499.980;
and for maximum Z, 1500.000, 1498.820, and 1499.904. These results appear to indicate that
the extremum, rather than zero phase, are the preferred imposed characteristics. But it is well
to note that the effect of absorption on a plane wave, which can be considered a single mode,
should not be the result expected as the effect of absorption on diffracted waves, which are the
result of a summation of several, often very many, modes. Since absorption acts to preferentially
attenuate the higher order, more complex modes, a net result of accentuation of the lower order,
more plane, modes should be expected, and increased planarity of the wavefronts with increasing

should be observed. The results of actual calculations concerning this point will be detailed
later. For now we return to the figures as numbered. Figures 16a-b show graphically the coin-
cidence of maximum R and zero X at the same, in fact the fiducial, n(X/2) point for the unreal-
istic case of absolutely rigid boundary conditions with b/a = 1. The individual figures demon-
strate how this observation for b /a = 1 is unchanged for larger values of n, but they also
indicate the manner in which the often-referred-to "satellite" peaks appear at greater distances
when b > a, or here specifically for b /a = 2. An interesting observation, which is apparently
at variance with the concept that each successively higher mode is monotonically excited less,
is that the smaller peak remains centered about the fiducial n(k /2) point for each n while the
larger peak moves to greater separations in the positive C direction from the fiducial point.
But this observation is misleading and is an accident here because of the specified parameters.
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Other graphs, for larger b /a ratios, do show a peeling off of satellite peaks in increasing number
and an increasing shift in the positive C direction; also, the amplitude decreases for increasing

n. This behavior is also obvious in the circle diagrams, which will be discussed later. These
peak figures are presented not only because of their historical interest, but because some
features (not the most important, however) of the imposed characteristic variations can be
seen more readily from this representation.

As is obvious from the figures thus far, and as has been stressed in the previous reports of
this series, the effects of diffraction on a continuous wave iterative reflection scheme are such
that the errors in apparent wavelength, if they exist, are usually in the positive direction; that
is, if an error exists, the apparent wavelength or sound speed is too large numerically. This
is in contrast to the effects of diffraction on time-of-flight or other group or signal velocity
techniques where the errors are such as to yield values of sound speed too small. It should
not be necessary to repeat that time-of-flight schemes are direct measurements of sound speed
while iterative reflection interferometric schemes directly measure wavelength. Figures 17a-f
which are the same type plots as Figs. 16 except for the change in boundary conditions to
infinite flexibility, show a somewhat different behavior. For this boundary condition the plane
wave mode XNom = 0 is not one of those permitted, as may be seen by perusal of Tables 2, 3,
4 and 6 of Ref. 2. From those tables we note the interlacing of the individual modes for the
respective boundary conditions. That is, the X values increase monotonically for the four
boundary conditions and then repeat in the same manner with the exception of the zero mode,
which exists only for absolutely rigid boundary conditions. For example, rounding off the
numbers in these tables, we find sets of modes, in the order of boundary conditions of liquid,
infinitely flexible, elastic, and absolutely rigid, with the following values: for the first mode,
2.27, 2.40, 3.04, 3.83; for the second mode, 5.22, 5.52, 6.53, 7.01; for the third mode, 8.20,
8.65, 9.83, 10.17; etc.

Thus in Figs. 17, for flexible boundary conditions, no peak remains centered about the
n(A /2) fiducial point as n increases, as was the case for the absolutely rigid boundary condi-
tions when b /a = 1. Indeed the first peak moves beyond the range of the graphs for n slightly
greater than 50, as can be seen by comparing Figs. 17d and 17e. In Fig. 17d the usual "peeling
off" of "satellites" or subsiduary peaks displaced to the right and of smaller amplitude than the
main peak is nicely demonstrated.

Figures 18, for liquid boundary conditions, resemble Figs. 17 except that the shifts of the
peaks away from the fiducial points are less than they are for the flexible boundary conditions.
This observation holds for both b/a = 1 and b/a = 2. These figures are drawn from calcula-
tions based on an orthogonal assumption of the characteristic functions, but a comparison of
them with Figs. 19a-f shows no significant difference from the results for the actual calcula-
tions made by not invoking orthogonality. A similar observation of no change in the results
obtained by exact calculation rather than by the orthogonal assumption calculation is made in
comparing Figs. 20 and 21, which are for the elastic solid boundary condition. This behavior
is unlike that found in the previous report of this series (3), which involved guided mode
propagation in cylinders with no end termination and thus no iterative reflection, and for which
real differences were observed in the end calculations made both ways.

Also from Figs. 20a-f and 21a-f it is noticed that the peaks are displaced greater distances

to the right of the fiducial n(X/2) points for this elastic boundary condition than are the peaks
for the flexible boundary condition. They are thus also displaced more than for the liquid

boundary condition. In fact, as the respective modes Xom themselves indicate, it should be
expected that the displacements above the fiducial points would be increased for the various
boundary conditions in the following order: liquid, infinitely flexible, elastic, and rigid. The
restricted presence of the zero mode to the rigid boundary condition, however, moves this case
to the head of the list so the actual observed order of increasing shift is rigid, liquid, infinitely
flexible, and elastic.
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We now turn our attention to the plots in the impedance plane, referred to as circle diagrams.
These plots use 150 points calculated for each loop so that the range of the parameter C is
greater than that arbitrarily selected for the peak or reaction curve plots. Specifically, for the
/ca = 2077 curves, the range of C for each n(A/2) is +0.010 cm and -0.005 cm in steps of
0.0001 cm. Some of the circle diagram plots continue even beyond this range when the subsid-
iary loops or cardiod-like behavior of the primary loops appeared to warrant further investigation.
These diagrams, it should be noted, are used (not in this report) for direct comparison with the
experimental plots either photographed from the oscilloscope of an Alford impedance plotter of
recorded on an accessory 10-in.-square X-Y recorder.

We will later show tables of apparent sound speed calculated from these circle diagrams and
based on the individual imposed characteristics of zero phase, maximum U, and maximum Z.
These tables are obtained by direct measurements on the original 30-in.-square plots, with
reference as necessary to the actual calculations. In order to permit the reader to satisfy him-
self as to the imposed characteristic values of C read from the circle diagrams and listed in the
tables, the actual plotted points are shown on' the circle diagrams where necessary and if
possible (remember that the variations with C are compressed for small z). It could bear re-
peating here that Figs. 22 through 25 are for k 'a = 2077, Figs. 26 through 29 are for / "a=
6077, and k Va = 10077 is shown in Figs. 30 through 33. The same values of C = n(A/2) were"
used for all ka, namely C = 0, 0.075, 0.375, 0.750, 3.750, 7.500, and 11.250 cm, so that the n
for 0' are 0, 1, 5, 10, 50, and 150; the n for 0 1 are 0, 3, 15, 30, 150, 300, and 450; and the n
for Av are 0, 5, 25, 50, 250, and 750. For /\ I the C range is +0.010 cm and -0.005 cm with point
intervals of 0.0001; for /\ 111 the C range and the point intervals are both reduced to one-third
that for A,; for kV the C range is + 0.002 cm and -0.001 cm with point intervals of 0.00002 cm.
The fiducial n(,k/2) points on the circle diagrams are shown as larger point circles with the
particular n enclosed. The reader may determine his own F for the selected imposed character-
istics by counting the points along the loop from the fiducial n(/\/2) to the imposed character-
istic, using the appropriate values of C from the above, and interpolating the end point. It is
easily shown (4) that the criterion for no error in the wavelength determination is not that the
imposed characteristics of maximum U have the same f as the imposed characteristics of zero
phase (so that they are common with the points for the imposed characteristic of maximum Z),
but rather that the curve joining the various n of a single imposed characteristic describe an
orthogonal trajectory to the loops of the circle diagram. Of course, maximum R coinciding with
zero phase, and hence also with maximum Z, is simply a limiting case of this orthogonal
trajectory.

Figure 22a is just a circle repeating endlessly in C with all n(A/2) points superimposed. Of
course, this is the simple result expected for the unrealistic boundary condition of absolute
rigidity and b/a = 1 where theoretically the plane wave mode is the only one that may be prop-
agated. But, even so small a variation as b/a = 1.1 changes the character of the diagram so
that the loops are separated through the value n = 10. Figures 22b-e show the appearance of
satellites or subsidiary loops. The aberrations increase up to about b/a = 1.75 and then
decrease with larger b/a. It can be noted that the wave'length errors here are much reduced
over the nonterminated situation discussed in Ref. 2. There, essentially free-field results
were obtained for b/a > 2, while here the results approach that of a plane wave as b/a increases.
This is a powerful advantage of iterative reflection.

Figures 23a-d indicate that with flexible boundary conditions the maximum abberation occurs
at b/a = 1 (a consequence of the fact that the plane wave mode is not permitted). Here too it
is noticed that the subsidiary loops that occur after the fiducial n(A/2) point are smaller than
the main loops, unlike the situation for rigid boundaries where the secondary loops were larger.
A comparison of the b/a = 2 curves for rigid boundary conditions (Fig. 22c) and flexible
boundary conditions (Fig. 23b) shows the marked difference in the nature of the curves for
these two boundary conditions. But comparing Figs. 22d and 23c for bia = 5 shows that the
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plots are becoming similar, while the b/a - 10 plots in Figs. 2 2 e and 23d are virtually indis-

tinguishable.
The liquid boundary condition plots of Figs. 24a-f reiterate the previous observation that

the final results of erroneously invoking orthogonality are identical to those obtained by the
correct calculations. Here again the maximum aberration occurs for b/a = 1, though the effect
is smaller than found for flexible boundaries. But the iniinitely flexible and liquid boundary
condition plots resemble each other closely even for b/a = 2 and are nearly indistinguishable
for b/a = 5. For b/a = 10 we find the impedance circle diagrams to be almost identical for

rigid, flexible, and liquid boundary conditions.

The elastic boundary condition plots of Figs. 25a-j again show no difference between the
final results calculated by the correct procedure and those utilizing the erroneous orthogonal

assumption simplification, except for the single case of b/a = 1 where the fiducial n(X/2)
points for n = 100 appear drastically shifted. It will be seen later that the imposed character-

istic points lie the same distance C away from the fiducial points in both plots, and so no
differences are observed in apparent wavelengths. It is recalled that the elastic boundary
condition plots were the only ones that showed a difference between the orthogonal assumption
and actual plots in the nonterminated situation of Ref. 2, and then only for bla < 1.5. Like
flexible and liquid boundary conditions, the maximum error occurs at b/a = 1 for elastic solid

boundaries. As was the case for the noniterative reflection or nonterminated situation of Ref.
2, we find that b/a = 1 with this realistic elastic solid boundary condition yields the largest
aberration of all the conditions considered. These elastic boundary condition plots generally

do not resemble those for any of the other boundary conditions, with the exception that the

b/a = 10 circle diagrams for all four boundary conditions are almost identical. With the single
exception of the large error for rigid boundary conditions with b/a = 2, the aberration at a

given b/a is largest for the elastic solid boundary condition.

As has been generally true, except for the rigid boundary condition for b/a between 1 and 2,

the situation improves with increasing bla. Continuing with the circle diagrams we find that
Figs. 26a-d for rigid boundary conditions with ka = 60 77 indicate that the effect of increasing
frequency is to decrease the aberration. The subsidiary and major loops for each n found for

ca = 2077 have here merged into one loop, with at most a single cusp. The n(X/2) fiducial
points are given for the same C as before so that the respective n are now multiplied by three.
Also, the points are separated by one-third the distance between those on the ca = 2077 plots

so that a cursory inspection and comparison of the figures with respect to the number of points
between the fiducial points and the imposed characteristic points will immediately indicate the
direction of change of the aberration. The flexible boundary condition plots in Figs. 27a-d
show the same trend of a decreasing aberration as ]ca increases. The b/a = 2 diagram has
somewhat larger satellites than expected, but this has little effect on the apparent wavelength.

Again, increasing b/a improves the situation.

Figures 28a-e are similar to Figs. 27a-d except for b/a = 2. The respective curves are
again similar for both boundary conditions when b/a = 5 and when b/a = 10. No difference

is noted in the orthogonal assumption and actual curves for b/a - 1.

The circle diagrams for elastic solid boundary conditions in Figs. 2 9a-g do not show the
small difference between the orthogonal assumption and actual curves for b/a = 1 found when

]ca = 2077. Again the aberration is significantly larger for this boundary condition than for the
others, and again the larger b/a have the smaller aberration.

In general, the ka = 6077 circles display more of a plane wave nature than do the ka = 2077
circles. The ka = 100 7 circles of Figs. 30 through 33 carry this trend further. While the

ka = 2077 circle diagrams become nearly identical for the four boundary conditions at b/a = 10,
the ka = 6077 circles become similar at b/a = 5, and the four boundary conditions plots for
ka = 10077 are nearly alike at b/a = 2. Apparently the value of kcb, which is the product of

/ca and b/a, is important here and its significance will be discussed later.
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Before indicating and discussing the numerical results of apparent wavelength read from
the original large drawings of Figs. 22 through 37, we will indicate the effect of intrinsic
absorption of the guide liquid medium. The results shown are for the reference situation of

b/a = 2 only, with a /ca parameter of 2077 and ac1 values of 0.001, 0.01, 0.1, and 1 cm -1 . A

realistic attenuation coefficient of 0.001 cm - 1 has been attributed to the reflector, although the
plane wave results showed no difference between the cases of ca = 0 and a 3 = 0.001 cm -1

The "a" plots of Figs. 34 through 37, by individual and respective comparison with Figs.
22 c, 23b, 24c, and 25e, show that the value 10 -

3 cm "1 for the absorption coefficient Yc1 has but
little effect on the shape of the loops. Since this value is already much higherthan that for water at
a frequency of 1 MHz it is apparent that absorption, per se, is not significant in the determina-
tion of sound speed in water by interferometry at such frequencies. Indeed the absorption
coefficient for water is only about twice this value at 3 MHz and about six times this value at
5 MHz so that but little effect from a realistic attenuation coefficient for water is expected at
the /ca values considered in this report. The higher values of Uc1 shown in Figs. 34 through 37
obviously apply to liquids more attenuating than water. Since some experimental values quoted
for some liquids are more than 1000 times greater than the absorption coefficient for water, it
is apparent that the wide range of U,, considered here is not excessive. The rapid increase in
the rate of shrinkage of the loops with increasing attenuation is evident from these plots.

It should be recalled, however, that the introduction of absorption into the formulation of
this report was done in a naive manner, that is, absorption was assumed to affect the propaga-
tion of the various modes down the cylinder but not to affect the determination of the modes
themselves. This simplification will be removed in a forthcoming report where absorption is
introduced by attributing a viscosity to the cylinder liquid. It is anticipated that absorption
will be beneficial inasmuch as it should selectively discriminate against the higher order,
more complex modes.

APPARENT SOUND SPEEDS

Tables 2 through 78 display the reflector-to-source separations C corresponding to specified
orders n of the imposed characteristics of zero phase, maximum resistance U, and maximum
impedance Z, respectively. The ft are 1, 5, 10, 50, 100, and 150 for ka = 2077; 3, 15, 30, 150,
300, and 450 for /ca = 607r; and 5, 25, 50, 250, 500, and 750 for /ca = 1007, corresponding in
each case to nominal separations of 0.075, 0.375, 0.750, 3.750, 7.500, and 11.250 cm, respec-
tively. The apparent sound speeds calculated from the successive intervals (such as 0 to
0.075 cm, 0.075 to 0.375 cm, etc.) are also tabulated along with the error, in parts per million
(ppm), between these tabulated values and the assumed reference value of 1500 m/s.

CONCLUSIONS

The ultrasonic interferometer has decided advantages over pulsing techniques for determi-
nations of absolute sound speed. Although the technique of utilizing acoustic path differences
employed in interferometry can be carried over to pulsing methods, the interferometer requires
in addition but a simple measurement of frequency as opposed to a more difficult measurement
of time interval.

For enhanced specification of pertinent physical parameters, a limited sample in a small
enclosure is desirable, and in fact appears mandatory for a large variation in the hydrostatic
pressure parameter. For simplicity, a circular-cross-section container is used, and cylindrical
guided modes rather than a free-field description is appropriate. Parallel surfaces, concentric
with and normal to the cylinder axis, for both the acoustic source and the reflector simplify
the determination of acoustic path.
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In interferometry, the manifold interference through iterative reflection yields a resultant
line sharpening or an effective increased planarity of the wave fronts in comparison to a non-
terminated or pulsing situation. The results for increased b/a (the cylinder-to-source radius
ratio) approach that of a plane wave in the case of iterative reflection, while in Ref. 2 the
approach was to free-field diffraction for b/a > 2. However, planarity improves as /ca (= 277 A)
increases for both cases. This is accomplished by an increase in either the source radius, the
frequency, or the sound speed in the medium. But measurements are not made routinely at the
highest attainable frequency simply because results over a determined frequency range are
required in order to investigate intrinsic properties of the medium such as velocity dispersion
or relaxation phenomena, in particular the chemical relaxation occuring in natural sea water.

A reflector with infinite or zero impedance would increase the sensitivity of response of the
interferometer; the maximum impedance ratio of a metal reflector to the medium is about 30 (28
is used in this report as a standard condition), but an air reflector yields an inverse ratio of
5000. The use of an air reflector, however, is undesirable from the standpoints of non-
quiescence and nonplanarity of the boundary, as well as severe complications in realizing
an appreciable variation in the hydrostatic pressure parameter.

The aberrations to plane wave results generally increase in the order of rigid, liquid, flexible,
and elastic boundary conditions, the plane wave or zero mode existing only for the unattainable
situation of absolutely rigid boundary conditions. As was true for the noniterative reflection
case, no significant difference was found between the orthogonal assumption simplification
and the exact calculations, except for elastic boundary conditions with b/a = 1. Maximum
aberrations occur at b/a = 1 for flexible, liquid, and elastic boundary conditions and at b/a =

1.75 for rigid boundaries. The b/a > 2 plots are indistinguishable for flexible and liquid
boundary conditions, and all the b/a = 10 plots are remarkably similar, while the rigid and
flexible boundary condition plots for b/a = 2 could not be more dissimilar.

The effect of absorption on plane wave results is nil except for the large value c 1 cm - 1,

where the zero phase imposed characteristic yields too large an effective wavelength. The
opposing absorption-attributable errors in both the maximum R and maximum Z imposed charac-
teristics either cancel or yield too small effective wavelengths for plane waves. Generally, the
plane wave absorption results indicate that the maxima, rather than zero phase, are preferred
imposed characteristics. All the results further select maximum Z as the most satisfactory
imposed characteristic.

The decreasing error with increasing b/a appears to reach a minimum level for the realistic
elastic solid boundary conditions. Specifically, the minimum error apparently occurs at kb
(= ]ca x b/a) = 20077. For ca = 2077 this indicates that b/a 10, and for /ca = 10077 the
minimum error is already attained at the low value of b/a = 2. In this latter case, the calculated
error in wavelength is 6 ppm, which corresponds to 0.01 m/s for water sound speeds. A thesis
to be further tested experimentally, and apparently borne out in Ref. 4, is that a large effective
b/a is obtained by deliberately destroying cylindrical symmetry, which minimizes the effect of
radial boundaries by increasing the chaotic mutual interference of undesired modes.

In general, the error decreases with increased b/a, increased c, increased a, increased
p3 /p 1 , and increased c I//c .

FUTURE WORK

This third theoretical report in this series will be followed by one dealing with noniterative
propagation within liquid cylinders contained in shells, both liquid and elastic. Another report,
introducing viscosity into the formulation in order to more adequately deal with viscous absorp-
tion, is in preparation. Since the experimental work is proceeding apace, it will undoubtedly
appear before the final theoretical report.
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FIGURES 16 - 37

Fig. 16 -Real and imaginary parts of impedance Z = B + iX vs source-to-reflector separation
f = n(,l/2)+ 0.005 cm for standard reference parameters in Table 1 (except b/a = 1 and 2) and
absolutely rigid boundary conditions: (a) n = 1, (b) n = 5, (c) n = 10, (d) n = 50, (e) n = 100,
and (f) n = 150

Fig. 17 -Real and imaginary parts of impedance Z = B + iX vs source-to-reflector separation
C = n(X,/2) ±0.005 cm for standard reference parameters in Table 1 (except b/a = 1 and 2) and
infinitely flexible boundary conditions: (a) n = 1, (b) n = 5, (c) n = 10, (d) n = 50, (e) n = 100,
and (f) n = 150

Fig. 18-Real and imaginary parts of impedance Z = H + iX vs source-to-reflector separation
f = n(A1/2) ±0.005 cm for standard reference parameters in Table 1 (except b/a = 1 and 2) and
liquid boundary conditions with orthogonal functions assumed; (a) n = 1, (b) n = 5, (c) n = 10,
(d) n = 50, (e) n = 100, and (f) n = 150

Fig. 19-Real and imaginary parts of impedance Z = R + iX vs source-to-reflector separation
F= n(l/2) ±0.005 cm for standard reference parameters in Table 1 (except b'a = 1 and 2) and
liquid boundary conditions with "actual" functions used; (a) n = 1, (b) n = 5, (c) n = 10, (d) n =
50, (e) nt = 100, and (f) n = 150

Fig. 20-Real and imaginary parts of impedance Z = R + iX vs source-to-reflector separation
C= nCkt/2) ±0.005 cm for standard reference parameters in Table 1 (except b/a = 1 and 2) and
elastic solid boundary conditions with orthogonal functions assumed; (a) n = 1, (b) n = 5, (c) n =
10, (d) n = 50, (e) n = 100, and (f) n = 150

Fig. 21 -Real and imaginary parts of impedance Z = R + iX vs source-to-reflector separation
C = n(, /2) ± 0.005 cm for standard reference parameters in Table 1 (except b a = 1 and 2) and
elastic solid boundary conditions with "actual" functions used; (a) n = 1, (b) n = 5, (c) n = 10,
(d) n = 50, (e) n = 100, and (f) n = 150

Fig. 22- Circle diagrams of real vs imaginary parts of impedance for parameter C = kt'1/2)
+0.005 cm with n = 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table
1 (except the b/a ratios) and absolutely rigid boundary conditions; (a) b/a = 1, (b) b/a = 1.1,
(c) b/a = 2, (d) b/a = 5, and (e) b/a = 10

Fig. 23-Circle diagrams of real vs imaginary parts of impedance for parameter C = n(Xkl/2)
±0.005 cm with n = 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table
1 (except the b/a ratios) and infinitely flexible boundary conditions; (a) bia = 1, (b) b/a = 2,
(c) bia = 5, and (d) b/a = 10

Fig. 24-Circle diagrams of real vs imaginary parts of impedance for parameter C = n(=(i/2)
± 0.005 cm with n = 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table
1 (except the b a ratios) and liquid boundary conditions; (a) b a =- 1 (orth fns), (b) b a = 1
(actual fns), (c) b/a = 2 (orth fns), (d) b/a = 2 (actual fns), (e) b a = 5, and (f) b/a = 10



V. A. DEL GROSSO

Fig. 25- Circle diagrams of real vs imaginary parts of impedance with parameter C = n(X 1/2)
±0.005 cm with n = 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table

1 (except the b/a ratios) and elastic solid boundary conditions; (a) b/a = 1 (orth fns), (b) b a =

1 (actual fns), (c) b/a = 1.1 (orth fns), (d) b/a = 1.1 (actual fns), (e) b/a = 2 (orth fns), (f)
b/a = 2 (actual fns), (g) b/a = 5, (h) b/a = 10, (i) b/a = 20, and (j) b/a = 50

Fig. 26- Circle diagrams of real vs imaginary parts of impedance for parameter C = n(X' 1'/2)
±0.005/3 cm with n = 0, 3, 15, 30, 150, 300, and 450 for the standard reference parameters of
Table 1 (except k "'a = 6077 and various b/a ratios) and rigid boundary conditions; (a) b/a =
1, (b) b/a = 2, (c) b/a = 5, and (d) b/a = 10

Fig. 27- Circle diagrams of real vs imaginary parts of impedance for parameter C = n(AJl"/2)
±0.005/3 cm with n = 0, 3, 15, 30, 150, 300, and 450 for the standard reference parameters of

Table 1 (except kc"Ia = 6077 and various b a ratios) and infinitely flexible boundary conditions;
(a) b/a = 1, (b) b/a = 2, (c) b/a = 5, and (d) b/a = 10

Fig. 28-Circle diagrams of real vs imaginary parts of impedance for parameter C = n( I"I/2)
±0.005/3 cm with n = 0, 3, 15, 30, 150, 300, and 450 for the standard reference parameters of

Table 1 (except /c"'a = 6077 and various b/a ratios) and liquid boundary conditions; (a) b/a
1 (orth fns), (b) b/a = 1 (actual fns), (c) b/a = 2, (d) b/a = 5, and (e) b/a = 10

Fig. 29- Circle diagrams of real vs imaginary parts of impedance for parameter f = n(Xk '/2)
±0.005/3 cm with n = 0, 3, 15, 30,150,300, and 450 for the standard reference parameters of

Table 1 (except k IIa = 6077 and various b/a ratios) and elastic solid boundary conditions;
(a) b/a = 1 (orth fns), (b) b/a = 1 (actual fns), (c b/a = 1.1 (orth fns), (d) b/a = 1.1 (actual
fns), (e) b/a = 2, (f) b/a = 5, and (g) b/a = 10

Fig. 30-Circle diagrams of real vs imaginary parts of impedance for parameter C - n()V/2)
± 0.001 cm with n = 0, 5, 25, 50, 250, 500, and 750 for the standard reference parameters in
Table 1 (except k Va = 10077 and various b/a ratios) and absolutely rigid boundary conditions;
(a) b/a = 1.1, (b) b/a = 2, (c) b/a = 5, and (d) b/a = 10

Fig. 31- Circle diagrams of real vs imaginary parts of impedance for parameter P = n(X V/2)
±0.001 cm with n = 0, 5, 25, 50, 250, 500, and 750 for the standard reference parameters in
Table 1 (except kV a = 100 77 and various b/a ratios) and infinitely flexible boundary conditions;

1

(a) b/a = 1, (b) b/a = 2, (c) b/a = 5, and (d) b/a = 10

Fig. 32-Circle diagrams of real vs imaginary parts of impedance for parameter C = n(XV/2)
±0.001 cm with n = 0, 5, 25, 50, 250, 500, and 750 for the standard reference parameters in
Table 1 (except kva = 10077 and various b/a ratios) and liquid boundary conditions (a) b/a =

1, (b) b/a = 2, (c) b/a = 5, and (d) b/a = 10

Fig. 33-Circle diagrams of real vs imaginary parts of impedance for parameter f = n(XV/2)
±0.001 cm with n = 0, 5, 25, 50, 250, 500, and 750 for the standard reference parameters in
Table 1 (except k/Va = 10077 and various b/a ratios) and elastic solid boundary conditions;

(a) b/a = 1, (b) b/a = 1.1, (c) b/a = 2, (d) b/a = 5, and (e) b/a = 10

Fig. 34-Circle diagrams of real vs imaginary parts of impedance for parameter C = n(A /2)
±0.005 cm with n = 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table
1 (except Uc3 = 10

-3 cm- 1 and various values of a 1) and absolutely rigid boundary conditions;
(a) a I = 10 -3 cm -1 , (b) a1 = 10-2 cm-, (c) a I = 10 -1

cm
-1 , and (d) a 1 = 1 cm -1
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Fig. 35-Circle diagrams of real vs imaginary parts of impedance for parameter f = n(A 1 /2)
±0.005 cm with f = 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table
1 (except Uc3 - 10 -3 cm - 1 and various values of a) and infinitely flexible boundary conditions;
(a) ac = 10 -3 cm', (b) acI = 10- 2 cm-',(c) ac = 10 - 1 cm'-, and (d) cc, = 1 cm -1

Fig. 36 -Circle diagrams of real vs imaginary parts of impedance for parameter C = n('/2)
±0.005 cm with n = 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table
1 (except c - 10 -3 cm - 1 and various values of cca) and liquid boundary conditions; (a) a =

10 - 3 cm -', (b) 1 = 10 - 2 cm - 1 , (c) a 1 = 10 - 1 cm , and (d) c1 = 1 cm-1

Fig. 37 - Circle diagrams of real vs imaginary parts of impedance for parameter C = n(X '/2)
± 0.005 cm with n = 0, 1, 5, 10, 50, 100, and 150 for the standard reference parameters of Table
1 (except U3 _ 10- cm 1 and various values of ad,) and elastic solid boundary conditions;
(a) a 1 = 10 -3 cm -1 , (b) ccI = 10 - 2 cm-I,(c) ac = 10-1 cm 1 , and (d) aI = 1 cm -1
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Fig. 22b-R vs X for absolutely rigid boundary conditions and b/a = 1.1 (see Table 2)
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Fig. 22d-R vs X for absolutely rigid boundary conditions and b/a = 5 (see Table 4)
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Fig. 24e-R vs X for liquid boundary conditions and b/a = 5 (see Table 14)
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Fig. 25e-R vs X for elastic solid boundary conditions (assuming orthogonal functions) and b/a = 2 (see
Table 20)
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Fig. 25f-R vs X for elastic solid boundary conditions (using actual functions) and b/a = 2 (see Table 21)
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Fig. 27c-R vs X for infinitely flexible boundary conditions with kl a = 60n7 and b/a = 5 (see Table 32)
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,IIIFig. 27d-/? vs N for infinitely flexible boundary conditions with * 1 a = 6Ozr and b/a = 10 (see Table 33)
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.III
Fig. 28a-R vs X for liquid boundary conditions (assuming orthogonal functions) with i1 a = 6077 and
b/a = 1 (see Table 34)
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R
.III

Fig. 28b-R vs X for liquid boundary conditions (using actual functions) with k1 a = 6077 and b/a = 1
(see Table 35)
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Fig. 28c-R vs N for liquid boundary conditions with kic a =607n and b/a =2 (see Table 36)
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+14

x 0

-14
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Fig. 28d-R vs X for liquid boundary conditions with c" a = 60n7 and b/a = 5 (see Table 37)
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III
Fig. 28e-R vs X for liquid boundary conditions with i1 a = 60n1 and b/a = 10 (see Table 38)
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X 0
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R

Fig. 29a-R vs X for elastic solid boundary conditions (assuming orthogonal functions) with kllIa = 607

and b/a = 1 (see Table 39)
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k III

Fig. 29b-R vs X for elastic solid boundary conditions (using actual functions) with k a - 60 u and
b/a = 1 (see Table 40)
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.IIIFig. 29c-R vs X for elastic solid boundary conditions (assuming orthogonal functions) with k a = 607r
and b/a = 1.1 (see Table 41)
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Fig. 29d-R vs X for elastic solid boundary conditions (using actual functions) with k a = 60 i and
b/a = 1.1 (see Table 42)
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+14

-14

,IIIFig. 29e-R vs X for elastic solid boundary conditions with k a = 6077 and b a = 2 (see Table 43)
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Fig. 29f- R vs X for elastic solid boundary conditions with kIc a = 607n and b/a = 5 (see Table 44)



V. A. DEL GROSSO

FIIIFig. 29g-R vs N for elastic solid boundary conditions with k1 a = 6077 and b/a = 10 (see Table 45)
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Fig. 30a-R vs N for absolutely rigid boundary conditions with kva 10lO7n and b/a =1.1 (see Table 46)
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Fig. 30b-R vs X for absolutely rigid boundary conditions with k 1 a = 10 0r7 and b/a = 2 (see Table 47)
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Fig. 30c-R vs X for absolutely rigid boundary conditions with k V a = 10077 and b/a = 5 (see Table 48)
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-14

Fig. 30d-R vs X for absolutely rigid boundary conditions with k V a = 10077 and b/a = 10 (see Table 49)
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Fi g. 31a-R vs N for infinitely flexible boundary conditions with Ic1 a =0 7OT and b/a =I (see Table 50)
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Fig. 31b-R vs N for infinitely flexible boundary conditions with k va =100 77 and b/la =2 (see Table 51)
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Fig. 31c-R vs N for infinitely flexible boundary conditions with k v a =10077 and b/a =5 (see Table 52)
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-14

Fig. 31d-R vs X for infinitely flexible boundary conditions with kVa = 1007 and b/a = 10 (see Table 53)
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Fig. 32a-H vs N for liquid boundary conditions with kta =10077 and b/a =1 (see Table 54)
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Fig. 32b-R vs X for liquid boundary conditions with k Va = 10077 and b/a = 2 (see Table 55)

140



NRL REPORT 6409

Fig. 32c-R vs X for liquid boundary conditions with k V a = 100r and b/a = 5 (see Table 56)
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Fig. 32d-R vs X for liquid boundary conditions with k V a = 1007 and b/a = 10 (see Table 57)
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Fig. 33 a- R vs X for elastic solid boundary conditions with kV a =100 7 and b/a I (see Table 58)
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Fig. 33b-R vs X for elastic solid boundary conditions with kV a = 10077 and b/a = 1.1 (see Table 59)
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Fig. 33d-R vs X for elastic solid boundary conditions with kI a = 1007 and b/a = 5 (see Table 61)
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Fig. 33e-R vs X for elastic solid boundary conditions with kV1 a = 10077 and b/a = 10 (see Table 62)
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Fig. 34a-IR vs X for absolutely rigid boundary conditions with 9 1 = 0 - 3 cm "1 and Cf3
Table 63)

= 10"3 cm-1 (see
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Fig. 34b-R vs X for absolutely rigid boundary conditions with 011 = 10 - 2 cm- ' and 063 = 10 - 3 cm - I (see
Table 64)
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Fig. 34c-R vs X for absolutely rigid boundary conditions with af1  10-1 cm- 1 and Y3 = 10 3 cmI (see
Table 65)

150



NRL REPORT 6409 151

+14

150 _ -

-14-
0 14 2

R

Fig. 34d-R vs X for absolutely rigid boundary conditions with l = 1 cm- 1 and -a 10 -3 cm "1 (see
Table 66)
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Fig. 35:.-le vs X for infinitely flexible boundary conditions with Cf 10 - 3 cm - I and Cf3 = 10 "3 cm "
I (see

Table 67)

152



NRL REPORT 6409

14 28

Fig. 35b-B vs X for infinitely flexible boundary conditions with 0f = 10 - 2 cm"1 and 0 3 = 10 - 3 cm - 1 (see
Table 68)
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14 28
R

Fig. 35c-I? vs X for infinitely flexible boundary conditions with Cf1 = 10 - 1 cm - 1 and Cf3 = 10 -3 cm-1 (see

Table 69)
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Fig. 35d-R vs X for infinitely flexible boundary conditions with a = 1 cm- 1 and a 3 = 10 - 3 cm - 1 (see
Table 70)
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Fig. 36a-R vs X for liquid boundary conditions with a 1 = 10 - 3 cm 1 and af3 = 10 - 3 cm - 1 (see Table 71)
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Fig. 36b-R vs X for liquid boundary conditions with U1 10 - 2 cm - and 3 = 10 - 3 cm - 1 (see Table 72)
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Fig. 36c-R vs X for liquid boundary conditions with af1 = 10-1 cm- 1 and = 103 cm (see Table 73)
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Fig. 36d-R vs X for liquid boundary conditions with a3 = 1 cm "1 and 0 3 = 10 - 3 cm - 1 (see Table 74)
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Fig. 37c-I vs X for elastic solid boundary conditions with Cf1 - 10 - 1 cm-1 and Cf3 = 103 cm - (see

Table 77)
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Fig. 37d-R vs X for elastic solid boundary conditions with Cf = I cm - ! and C3 = 10 3 cm - 1 (see Table 78)
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Table 2

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 22b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 1.1) and Absolutely Rigid
Boundary Conditions.

Imposed n C Error

Characteristic (cm) (m/s) (ppm)

Zero phase 1 0.075050 1501.000 666

5 0.375039 1499.945 37

10 0.750029 1501.004 668

50 3.750003 1499.987 9

100 7.500002 1500.000 0

150 11.249998 1499.998 1

Max R 1 0.075025 1500.500 333

5 0.375007 1499.910 60

10 0.750006 1499.996 3

50 3.750002 1499.998 1

100 7.500001 1500.000 0

150 11.249999 1499.999 0

Max Z 1 0.075006 1500.120 80

5 0.374994 1499.994 4

10 0.749990 1499.984 11

50 3.749993 1500.002 1

100 7.499996 1500.001 0

150 11.250003 1500.003 1
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Table 3

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 22c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 2) and Absolutely Rigid
Boundary Conditions.

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075071 1501.420 946

5 0.375179 1500.540 360

10 0.750290 1500.444 296

50 3.751593 1500.652 434

100 7.503399 1500.722 481

150 11.255169 1500.708 472

Max R 1 0.075052 1501.040 693

5 0.375145 1500.465 310

10 0.750259 1500.456 304

50 3.751708 1500.725 483

100 7.503469 1500.704 469

150 11.255222 1500.701 467

Max Z 1 0.075036 1500.720 480

5 0.375101 1500.325 216

10 0.750228 1500.508 338

50 3.751810 1500.791 527

100 7.503570 1500.704 469

150 11.255300 1500.692 461
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Table 4

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 22d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 5) and Absolutely Rigid
Boundary Conditions.

Imposed 2 C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075071 1501.420 946

5 0.375179 1500.540 360

10 0.750289 1500.440 293

50 3.750987 1500.349 232

100 7.501770 1500.313 208

150 11.252723 1500.381 254

Max R 1 0.075058 1501.160 773

5 0.375148 1500.450 300

10 0.750225 1500.308 205

50 3.750778 1500.277 184

100 7.501784 1500.402 268

150 11.252769 1500.394 262

Max Z 1 0.075043 1500.860 573

5 0.375096 1500.265 176

10 0.750172 1500.304 202

50 3.750600 1500.214 143

100 7.500400 1499.920 53

150 11.250661 1500.104
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Table 5

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 22e for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 10) and Absolutely Rigid
Boundary Conditions.

Imposed 2 C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

MaxR

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075071

0.375180

0.750289

3.751001

7.501687

11.252416

0.075053

0.375144

0.750242

3.750761

7.501048

11.251400

0.075033

0.375124

0.750216

3.750527

7.500522

11.250544

1501.420

1500.545

1500.436

1500.356

1500.274

1500.292

1501.060

1500.455

1500.392

1500.260

1500.115

1500.141

1500.660

1500.455

1500.368

1500.155

1499.998

1500.009

946

363

290

237

183

194

706

303

261

173

76

94

440

303

245

103

1

6
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Table 6

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 23a for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 1) and Infinitely Flexible
Boundary Conditions.

Imposed n C Error

Characteristic (cm) (m/s) (ppm)

Zero phase 1 0.075147 1502.940 1958

5 0.375379 1501.160 773

10 0.750614 1500.940 626

50 3.752768 1501.077 717

100 7.505500 1501.093 728

150 11.258252 1501.101 733

Max R 1 0.075116 1502.320 1545

5 0.375306 1500.950 633

10 0.750555 1500.996 663

50 3.752754 1501.100 732

100 7.505500 1501.098 731

150 11.258248 1501.099 732

Max Z 1 0.075086 1501.720 1043

5 0.375260 1500.870 579

10 0.750518 1501.032 687

50 3.752738 1501.110 739

100 7.505500 1501.105 736

150 11.258244 1501.098 731
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Table 7

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 23b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 2) and Infinitely Flexible
Boundary Conditions.

Imposed n f C Error

Characteristic (cm) (m/s) (ppm)

Zero phase 1 0.075071 1501.420 946

5 0.375180 1500.545 363

10 0.750287 1500.428 285

50 3.750768 1500.240 160

100 7.501425 1500.263 175

150 11.252088 1500.265 177

Max R 1 0.075056 1501.120 746

5 0.375146 1500.450 300

10 0.750233 1500.348 232

50 3.750694 1500.230 153

100 7.501372 1500.271 180

150 11.252067 1500.278 185

Max Z 1 0.075050 1501.000 666

5 0.375106 1500.280 186

10 0.750193 1500.348 232

50 3.750628 1500.218 145

100 7.501318 1500.276 184

150 11.252029 1500.284 189
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Table 8

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 23c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 5) and Infinitely Flexible
Boundary Conditions.

Imposed n C Error

Characteristic (cm) (m/s) (ppm)

Zero phase 1 0.075071 1501.420 946

5 0.375179 1500.540 360

10 0.750289 1500.440 293

50 3.751014 1500.362 241

100 7.501464 1500.180 120

150 11.251886 1500.169 112

Max R 1 0.075054 1501.080 719

5 0.375140 1500.430 286

10 0.750246 1500.424 282

50 3.750700 1500.227 151

100 7.501107 1500.163 108

150 11.251713 1500.242 161

Max Z 1 0.075046 1500.920 613

5 0.375100 1500.270 180

10 0.750189 1500.356 237

50 3.750454 1500.133 88

100 7.500964 1500.204 136

150 11.251636 1500.269 179



NRL REPORT 6409

Table 9

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 23d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 10) and Infinitely Flexible
Boundary Conditions.

Imposed n C Error

Characteristic (cm) (m/s) (ppm)

Zero phase 1 0.075071 1501.420 946

5 0.375186 1500.575 383

10 0.750290 1500.416 277

50 3.751000 1500.355 236

100 7.501716 1500.286 191

150 11.252296 1500.232 155

Max R 1 0.075044 1500.880 586

5 0.375148 1500.520 346

10 0.750250 1500.408 272

50 3.750743 1500.246 164

100 7.501086 1500.137 91

150 11.251152 1500.026 18

Max Z 1 0.075013 1500.260 173

5 0.375096 1500.415 276

10 0.750200 1500.416 277

50 3.750492 1500.146 97

100 7.500547 1500.022 15

150 11.250600 1500.021 14
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Table 10

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 24a for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 1) and Liquid Boundary
Conditions (Assuming Orthogonal Functions).

Imposed n f C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075092 1501.840 1225

5 0.375297 1501.025 683

10 0.750494 1500.788 525

50 3.752208 1500.857 571

100 7.504480 1500.909 605

150 11.256601 1500.848 565

Max R 1 0.075095 1501.900 1265

5 0.375248 1500.765 509

10 0.750457 1500.836 557

50 3.752193 1500.868 578

100 7.504477 1500.914 608

150 11.256588 1500.844 562

Max Z 1 0.075100 1502.000 1333

5 0.375225 1500.625 416

10 0.750393 1500.672 448

50 3.752182 1500.895 596

100 7.504469 1500.915 609

150 11.256583 1500.846 563
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Table 11

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 24b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters
Conditions (Using Actual Functions).

of Table 1 (Except b/a = 1) and Liquid Boundary

Imposed 2 C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075094

0.375298

0.750496

3.752210

7.504301

11.256602

0.075079

0.375248

0.750451

3.752205

7.504300

11.256601

0.075062

0.375220

0.750415

3.752202

7.504300

11.256600

1501.880

1501.020

1500.792

1500.857

1500.836

1500.920

1501.580

1500.850

1500.810

1500.877

1500.838

1500.920

1501.240

1500.790

1500.780

1500.894

1500.839

1500.920

1252

679

527

571

557

613

1052

563

541

584

558

613

826

526

519

595

559

613
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Table 12

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 24c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 2) and Liquid Boundary
Conditions (Assuming Orthogonal Functions).

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075070 1501.400 932

5 0.375178 1500.540 360

10 0.750290 1500.448 298

50 3.750729 1500.220 147

100 7.501276 1500.219 146

150 11.251877 1500.240 160

Max R 1 0.075060 1501.200 799

5 0.375147 1500.435 290

10 0.750242 1500.380 253

50 3.750631 1500.195 130

100 7.501228 1500.239 159

150 11.251841 1500.245 163

Max Z 1 0.075054 1501.080 719

5 0.375128 1500.370 246

10 0.750191 1500.252 168

50 3.750539 1500.174 116

100 7.501165 1500.250 167

150 11.251803 1500.255 170
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Table 13

Apparent Sound Speeds C for Successive Intervals Between Indicated.Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 24d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 2) and Liquid Boundary
Conditions (Using Actual Functions).

Imposed 2 C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

MaxR

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075072

0.375180

0.750290

3.750727

7.501276

11.251877

0.075050

0.375148

0.750252

3.750626

7.501238

11.251847

0.075036

0.375123

0.750205

3.750551

7.501196

11.251833

1501.440

1500.540

1500.440

1500.219

1500.220

1500.240

1501.000

1500.490

1500.416

1500.187

1500.245

1500.244

1500.720

1500.435

1500.328

1500.173

1500.258

1500.255

959

360

293

146

146

160

666

326

277

125

163

162

480

290

218

115

172

170
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Table 14

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 24e for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 5) and Liquid Boundary
Conditions.

Imposed n f C Error

Characteristic J (cm) (m/s) (ppm)

Zero phase 1 0.075071 1501.420 946

5 0.375179 1500.540 360

10 0.750289 1500.440 293

50 3.751022 1500.367 244

100 7.501556 1500.214 142

150 11.251847 1500.116 77

Max R 1 0.075050 1501.000 666

5 0.375138 1500.440 293

10 0.750246 1500.432 288

50 3.750722 1500.238 159

100 7.501073 1500.140 94

150 11.251614 1500.216 144

Max Z 1 0.075043 1500.860 573

5 0.375100 1500.285 190

10 0.750184 1500.336 224

50 3.750463 1500.140 94

100 7.500889 1500.170 113

150 11.251537 1500.259 173
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Table 15

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 24f for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 10) and Liquid Boundary
Conditions.

Imposed n f C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

MaxR

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075071

0.375180

0.750289

3.751000

7.501705

11.252350

0.075061

0.375145

0.750242

3.750758

7.501148

11.251200

0.075042

0.375104

0.750200

3.750481

7.500552

11.250575

1501.420

1500.545

1500.436

1500.356

1500.282

1500.258

1501.220

1500.420

1500.388

1500.258

1500.156

1500.021

1500.840

1500.310

1500.384

1500.140

1500.028

1500.009

946

363

290

237

188

172

147

280

258

172

104

14

559

206

256

93

19

6
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Table 16

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 25a for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 1) and Elastic Solid
Boundary Conditions (Assuming Orthogonal Functions).

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075140 1502.800 1865

5 0.375573 1502.165 1442

10 0.751099 1502.104 1401

50 3.755415 1502.158 1437

100 7.510824 1502.164 1441

150 11.266233 1502.164 1441

Max R 1 0.075132 1502.640 1758

5 0.375545 1502.065 1375

10 0.751083 1502.152 1433

50 3.755422 1502.170 1445

100 7.510830 1502.163 1440

150 11.266240 1502.164 1441

Max Z 1 0.075126 1502.520 1665

5 0.375511 1501.925 1282

10 0.751063 1502.208 1471

50 3.755430 1502.184 1454

100 7.510838 1502.163 1440

150 11.266248 1502.164 1441
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Table 17

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 25b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 1) and Elastic Solid
Boundary Conditions (Using Actual Functions).

Imposed 2 C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075153 1503.060 2038

5 0.375589 1502.180 1452

10 0.751084 1501.980 1319

50 3.755412 1502.164 1441

100 7.510798 1502.154 1435

150 11.266235 1502.175 1448

Max R 1 0.075138 1502.760 1838

5 0.375549 1502.050 1369

10 0.751082 1502.132 1420

50 3.755415 1502.167 1443

100 7.510828 1502.165 1442

150 11.266231 1502.161 1439

Max Z 1 0.075113 1502.260 1505

5 0.375500 1501.935 1289

10 0.751078 1502.312 1540

50 3.755423 1502.172 1447

100 7.510864 1502.176 1449

150 11.266222 1502.143 1427

179
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Table 18

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 25c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 1.1) and Elastic Solid
Boundary Conditions (Assuming Orthogonal Functions).

Imposed 2 C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075265

0.375595

0.750964

3.754353

7.508696

11.263092

0.075185

0.375465

0.750876

3.754348

7.508715

11.263100

0.075142

0.375379

0.750820

3.754367

7.508754

11.263100

1505.300

1501.650

1501.476

1501.695

1501.737

1501.758

1503.700

1501.400

1501.644

1501.736

1501.747

1501.754

1502.840

1501.185

1501.764

1501.774

1501.755

1501.738

3530

1099

983

1128

1157

1171

2464

932

1095

1156

1163

1168

1891

789

1175

1181

1169

1158

180
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Table 19

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 25d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 1.1) and Elastic Solid
Boundary Conditions (Using Actual Functions).

Imposed n C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075266

0.375602

0.750962

3.754351

7.508693

11.263090

0.075192

0.375457

0.750874

3.754359

7.508711

11.263100

0.075136

0.375409

0.750825

3.754365

7.508773

11.263129

1505.320

1501.680

1501.440

1501.695

1501.737

1501.759

1503.840

1501.325

1501.668

1501.743

1501.741

1501.756

1502.720

1501.365

1501.664

1501.770

1501.763

1501.742

3543

1119

959

1129

1157

1171

2557

882

1111

1161

1149

1169

1812

909

1108

1179

1174

1160
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Table 20

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of k are Read from
Fig. 25e for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 2) and Elastic Solid
Boundary Conditions (Assuming Orthogonal Functions).

Imposed n 1 C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075073 1501.460 972

5 0.375185 1500.560 373

10 0.750286 1500.404 269

50 3.751114 1500.414 276

100 7.502202 1500.435 290

150 11.253295 1500.437 291

Max R 1 0.075045 1500.900 599

5 0.375150 1500.525 350

10 0.750242 1500.368 245

50 3.751096 1500.427 284

100 7.502200 1500.442 294

150 11.253300 1500.440 293

Max Z 1 0.075029 1500.580 386

5 0.375135 1500.530 353

10 0.750210 1500.300 200

50 3.751092 1500.441 294

100 7.502200 1500.443 295

150 11.253300 1500.440 293
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Table 21

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 25f for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 2) and Elastic Solid
Boundary Conditions (Using Actual Functions).

Imposed 1 C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075075

0.375186

0.750287

3.751116

7.502203

11.253296

0.075050

0.375146

0.750243

3.751100

7.502194

11.253300

0.075030

0.375118

0.750217

3.751092

7.502192

11.253300

1501.500

1500.555

1500.404

1500.415

1500.435

1500.437

1501.000

1500.480

1500.388

1500.429

1500.438

1500.442

1500.600

1500.440

1500.396

1500.438

1500.440

1500.443

999

370

269

276

290

291

666

320

258

285

291

295

400

293

264

291

293

295

183
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Table 22

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of k are Read from
Fig. 25g for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 5) and Elastic Solid
Boundary Conditions.

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075072 1501.440 959

5 0.375180 1500.540 360

10 0.750291 1500.444 296

50 3.750990 1500.350 233

100 7.501496 1500.202 135

150 11.252153 1500.263 175

Max R 1 0.075056 1501.120 746

5 0.375147 1500.455 303

10 0.750248 1500.404 269

50 3.750732 1500.242 161

100 7.501354 1500.249 166

150 11.252082 1500.291 194

Max Z 1 0.075044 1500.880 586

5 0.375119 1500.375 250

10 0.750225 1500.424 282

50 3.750543 1500.159 106

100 7.501300 1500.303 202

150 11.252034 1500.294 196
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Table 23

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 25h for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 10) and Elastic Solid
Boundary Conditions.

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075070 1501.400 932

5 0.375179 1500.545 363

10 0.750288 1500.436 290

50 3.750996 1500.354 236

100 7.501680 1500.274 182

150 11.252276 1500.238 159

Max R 1 0.075046 1500.920 613

5 0.375141 1500.475 316

10 0.750242 1500.404 269

50 3.750765 1500.262 174

100 7.501175 1500.164 109

150 11.251271 1500.384 256

Max Z 1 0.075020 1500.400 266

5 0.375114 1500.470 313

10 0.750213 1500.396 264

50 3.750500 1500.144 96

100 7.500600 1500.040 27

150 11.250535 1499.974 17
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Table 24

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 25i for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 20) and Elastic Solid
Boundary Conditions.

Imposed n C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

MaxR

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075071

0.375179

0.750289

3.751002

7.501710

11.252300

0.075056

0.375148

0.750242

3.750757

7.501124

11.251372

0.075029

0.375106

0.750212

3.750500

7.500645

11.250500

1501.420

1500.540

1500.440

1500.357

1500.283

1500.236

1501.120

1500.460

1500.376

1500.258

1500.147

1500.099

1500.580

1500.385

1500.424

1500.144

1500.058

1499.942

946

360

293

237

189

157

750

306

250

171

98

66

386

256

282

96

39

39

186
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Table 25

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 25j for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except b/a = 50) and Elastic Solid
Boundary Conditions.

Imposed 2 C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075073 1501.460 972

5 0.375181 1500.540 360

10 0.750290 1500.436 290

50 3.751000 1500.355 336

100 7.501702 1500.281 187

150 11.252378 1500.270 180

Max R 1 0.075057 1501.140 759

5 0.375141 1500.420 280

10 0.750251 1500.440 293

50 3.750745 1500.247 165

100 7.501068 1500.129 86

150 11.251354 1500.114 76

Max Z 1 0.075030 1500.600 400

5 0.375112 1500.410 273

10 0.750218 1500.424 282

50 3.750500 1500.141 94

100 7.500560 1500.024 16

150 11.250559 1499.999 0
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Table 26

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 26a for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except kI" a = 60m and b/a = 1.1) with
Absolutely Rigid Boundary Conditions.

Imposed 1 2 C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

3

15

30

150

300

450

3

15

30

150

300

450

3

15

30

150

300

450

0.075014

0.375017

0.750015

3.750007

7.500002

11.250003

0.075009

0.375006

0.750005

3.750001

7.500000

11.250000

0.075005

0.375001

0.749999

3.749999

7.499999

11.249999

1500.280

1500.015

1499.992

1499.996

1499.998

1500.000

1500.180

1499.985

1499.996

1499.998

1500.000

1500.000

1500.100

1499.980

1499.992

1500.000

1500.000

1500.000

186

10

5

3

1

0

120

10

3

1

0

0

67

13

5

0

0

0

188
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Table 27

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 26b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k' 1 a = 60m and b/a = 2) with
Absolutely Rigid Boundary Conditions.

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 3 0.075013 1500.260 173

15 0.375032 1500.095 63

30 0.750047 1500.060 40

150 3.750150 1500.052 34

300 7.500330 1500.072 48

450 11.250524 1500.078 52

Max R 3 0.075012 1500.240 160

15 0.375025 1500.065 43

30 0.750034 1500.040 27

150 3.750149 1500.058 38

300 7.500361 1500.085 56

450 11.250569 1500.083 55

Max Z 3 0.075011 1500.220 147

15 0.375019 1500.040 27

30 0.750033 1500.056 37

150 3.750148 1500.058 38

300 7.500395 1500.099 66

450 11.250600 1500.082 55

189
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Table 28

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 26c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except kg" a = 60 and b/a = 5) with
Absolutely Rigid Boundary Conditions.

Imposed 1 C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

3

15

30

150

300

450

3

15

30

150

300

450

3

15

30

150

300

450

0.075013

0.375032

0.750047

3.750140

7.500240

11.250327

0.075010

0.375025

0.750035

3.750121

7.500189

11.250278

0.075009

0.375019

0.750029

3.750098

7.500148

11.250195

1500.260

1500.095

1500.060

1500.047

1500.040

1500.035

1500.200

1500.075

1500.040

1500.043

1500.027

1500.036

1500.180

1500.050

1500.040

1500.035

1500.020

1500.052

173

63

40

31

27

23

133

50

27

29

18

24

120

33-

27

23

13

34

190
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Table 29

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 26d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k" a = 607 and b/a = 10) with
Absolutely Rigid Boundary Conditions.

Imposed 2 C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

3

15

30

150

300

450

3

15

30

150

300

450

3

15

30

150

300

450

0.075013

0.375032

0.750047

3.750143

7.500244

11.250332

0.075010

0.375023

0.750039

3.750119

7.500197

11.250249

0.075008

0.375017

0.750063

3.750100

7.500156

11.250273

1500.260

1500.095

1500.060

1500.048

1500.040

1500.035

1500.200

1500.065

1500.064

1500.040

1500.031

1500.021

1500.160

1500.045

1500.184

1500.019

1500.022

1500.047

173

63

40

32

27

23

133

43

43

27

21

14

107

30

123

12

15

31
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Table 30

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 27a for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k 'Ia = 60i and b/a = 1) with
Infinitely Flexible Boundary Conditions.

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 3 0.075027 1500.540 360

15 0.375062 1500.175 117

30 0.750100 1500.152 101

150 3.750345 1500.122 82

300 7.500615 1500.108 72

450 11.250917 1500.121 80

Max R 3 0.075021 1500.420 280

15 0.375048 1500.135 90

30 0.750078 1500.120 80

150 3.750332 1500.127 85

300 7.500607 1500.110 73

450 11.250911 1500.123 82

Max Z 3 0.075013 1500.260 173

15 0.375039 1500.130 87

30 0.750060 1500.084 56

150 3.750330 1500.135 90

300 7.500602 1500.109 73

450 11.250906 1500.122 82
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Table 31

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 27b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k "a = 607T and b/a = 2) with
Infinitely Flexible Boundary Conditions.

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 3 0.075013 1500.260 173

15 0.375031 1500.090 60

30 0.750046 1500.060 40

150 3.750130 1500.042 28

300 7.500189 1500.024 16

450 11.250254 1500.026 17

Max R 3 0.075006 1500.120 80

15 0.375025 1500.095 63

30 0.750038 1500.052 34

150 3.750132 1500.047 31

300 7.500157 1500.010 7

450 11.250232 1500.030 20

Max Z 3 0.075002 1500.040 27

15 0.375020 1500.090 60

30 0.750034 1500.056 37

150 3.750111 1500.039 26

300 7.500130 1500.008 5

450 11.250212 1500.033 22
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Table 32

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 27c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except kI" a = 607 and b/a = 5) with
Infinitely Flexible Boundary Conditions.

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 3 0.075013 1500.260 173

15 0.375031 1500.090 60

30 0.750047 1500.064 43

150 3.750139 1500.046 30

300 7.500242 1500.041 27

450 11.250273 1500.012 8

Max R 3 0.075015 1500.300 200

15 0.375029 1500.070 47

30 0.750042 1500.052 34

150 3.750122 1500.040 27

300 7.500202 1500.032 21

450 11.250230 1500.011 7

Max Z 3 0.075009 1500.180 120

15 0.375028 1500.095 .3

30 0.750040 1500.048 32

150 3.750100 1500.030 20

300 7.500134 1500.014 9

450 11.250134 1500.000 0
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Table 33

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 27d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k1I1 a = 607T and b/a = 10) with
Infinitely Flexible Boundary Conditions.

Imposed 2 C Error
Characteristic (cm) (m/s) (ppm)

Zero phase 3 0.075014 1500.280 186

15 0.375032 1500.090 60

30 0.750047 1500.060 40

150 3.750143 1500.048 32

300 7.500244 1500.040 27

450 11.250333 1500.036 24

Max R 3 0.075010 1500.200 133

15 0.375023 1500.065 43

30 0.750035 1500.048 32

150 3.750121 1500.043 29

300 7.500195 1500.030 20

450 11.250246 1500.020 13

Max Z 3 0.075008 1500.160 107

15 0.375013 1500.025 17

30 0.750028 1500.060 40

150 3.750104 1500.038 26

300 7.500155 1500.020 13

450 11.250183 1500.011 7
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Table 34

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 28a for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k" Ia = 6O0r and b/a = 1) with
Liquid Boundary Conditions (Assuming Orthogonal Functions)

Imposed 2 k C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

MaxR

Max Z

3

15

30

150

300

450

3

15

30

150

30C

450

3

15

30

150

300

450

0.075022

0.375060

0.750093

3.750300

7.500571

11.250853

0.075020

0.375047

0.750073

3.750288

7.500585

11.250850

0.075019

0.375039

0.750057

3.750276

7.500584

11.250849

1500.440

1500.190

1500.132

1500.104

1500.108

1500.113

1500.400

1500.135

1500.104

1500.108

1500.119

1500.106

1500.380

1500.100

1500.072

1500.110

1500.123

1500.106

293

127

88

69

72

75

266

90

69

72

79

71

253

67

48

73

82
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Table 35

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 28b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except kg" a = 6 0T and b/a = 1) with
Liquid Boundary Conditions (Using Actual Functions).

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 3 0.075021 1500.420 280

15 0.375061 1500.200 133

30 0.750093 1500.128 85

150 3.750297 1500.102 68

300 7.500572 1500.110 73

450 11.250852 1500.112 75

Max R 3 0.075020 1500.400 266

15 0.375048 1500.140 93

30 0.750074 1500.104 69

150 3.750285 1500.106 70

300 7.500563 1500.111 74

450 11.250847 1500.114 76

Max Z 3 0.075018 1500.360 240

15 0.375035 1500.085 57

30 0.750057 1500.088 59

150 3.750271 1500.107 71

300 7.500556 1500.114 76

450 11.250844 1500.115 77
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Table 36

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of k are Read from
Fig. 28c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k," a = 607T and b/a = 2) with
Liquid Boundary Conditions.

Imposed n C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase 3 0.075007 1500.140 93

15 0.375018 1500.055 37

30 0.750025 1500.028 17

150 3.750064 1500.020 13

300 7.500104 1500.016 11

450 11.250132 1500.011 7

Max R 3 0.075004 1500.080 53

15 0.375012 1500.040 27

30 0.750017 1500.020 13

150 3.750051 1500.017 11

300 7.500084 1500.013 8

450 11.250102 1500.007 5

Max Z 3 0.075002 1500.040 27

15 0.375004 1500.010 7

30 0.750008 1500.016 11

150 3.750039 1500.016 11

300 7.500066 1500.011 7

450 11.250076 1500.004 3
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Table 37

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 28d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k," a = 60m and b/a = 5) with
Liquid Boundary Conditions.

Imposed 2 C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 3 0.075013 1500.260 173

15 0.375032 1500.095 63

30 0.750047 1500.060 40

150 3.750142 1500.048 32

300 7.500244 1500.041 27

450 11.250337 1500.037 25

Max R 3 0.075008 1500.160 107

15 0.375024 1500.080 53

30 0.750033 1500.036 24

150 3.750123 1500.048 32

300 7.500195 1500.029 19

450 11.250239 1500.018 12

Max Z 3 0.075003 1500.060 40

15 0.375016 1500.065 43

30 0.750024 1500.032 21

150 3.750113 1500.045 30

300 7.500167 1500.022 14

450 11.250167 1500.000 0
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Table 38

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 28e for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k"'a = 607T and b/a = 10) with
Liquid Boundary Conditions.

Imposed n C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

3

15

30

150

300

450

3

15

30

150

300

450

3

15

30

150

300

450

0.075013

0.375032

0.750047

3.750142

7.500244

11.250332

0.075009

0.375025

0.750035

3.750123

7.500198

11.250252

0.075002

0.375021

0.750030

3.750102

7.500150

11.250183

1500.260

1500.095

1500.060

1500.048

1500.041

1500.035

1500.180

1500.080

1500.040

1500.044

1500.030

1500.022

1500.040

1500.095

1500.036

1500.036

1500.019

1500.013

173

63

40

32

27

23

120

53

27

29

20

14

27

63

24

24

13

9

200
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Table 39

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 29a for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k,"a = 60i and b/a = 1) with
Elastic Solid Boundary Conditions (Assuming Orthogonal Functions).

Imposed n C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

3

15

30

150

300

450

3

15

30

150

300

450

3

15

30

150

300

450

0.075016

0.375062

0.750104

3.750436

7.500864

11.251326

0.075017

0.375056

0.750091

3.750429

7.500863

11.251323

0.075024

0.375033

0.750083

3.750427

7.500861

11.251322

1500.320

1500.230

1500.168

1500.166

1500.171

1500.185

1500.340

1500.195

1500.140

1500.169

1500.174

1500.184

1500.480

1500.045

1500.200

1500.172

1500.174

1500.184

213

153

112

111

114

123

226

130

93

113

116

123

320

30

133

115

116

123



V. A. DEL GROSSO

Table 40

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 29b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k I" a = 60 and b/a = 1) with
Elastic Solid Boundary Conditions (Using Actual Functions).

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 3 0.075017 1500.340 260

15 0.375062 1500.225 150

30 0.750105 1500.172 115

150 3.750436 1500.166 110

300 7.500865 1500.172 115

450 11.251294 1500.172 115

Max R 3 0.075015 1500.300 200

15 0.375049 1500.170 113

30 0.750093 1500.176 117

150 3.750430 1500.169 112

300 7.500859 1500.172 115

450 11.251292 1500.173 115

Max Z 3 0.075012 1500.240 160

15 0.375038 1500.130 87

30 0.750081 1500.172 115

150 3.750417 1500.168 112

300 7.500854 1500.175 116

450 11.251291 1500.175 116
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Table 41

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 29c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k,"a = 607 and b/a = 1.1) with
Elastic Solid Boundary Conditions (Assuming Orthogonal Functions).

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 3 0.075026 1500.520 346

15 0.375073 1500.235 157

30 0.750109 1500.144 96

150 3.750356 1500.124 82

300 7.500694 1500.135 90

450 11.251040 1500.138 92

Max R 3 0.075024 1500.480 320

15 0.375056 1500.160 107

30 0.750081 1500.100 67

150 3.750346 1500.133 88

300 7.500688 1500.137 91

450 11.251033 1500.138 92

Max Z 3 0.075022 1500.440 293

15 0.375047 1500.125 83

30 0.750067 1500.080 53

150 3.750338 1500.136 90

300 7.500687 1500.140 93

450 11.251033 1500.138 92
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Table 42

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 29d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k" a = 60g and b/a = 1.1) with
Elastic Solid Boundary Conditions (Using Actual Functions).

Imposed n C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

MaxR

Max Z

3

15

30

150

300

450

3

15

30

150

300

450

3

15

30

150

300

450

0.075026

0.375073

0.750110

3.750359

7.500698

11.251041

0.075022

0.375057

0.750084

3.750347

7.500693

11.251038

0.075016

0.375042

0.750063

3.750333

7.500692

11.251037

1500.520

1500.235

1500.148

1500.125

1500.136

1500.137

1500.440

1500.175

1500.108

1500.132

1500.138

1500.138

1500.320

1500.130

1500.084

1500.135

1500.144

1500.138

346

157

99

83

90

91

293

117

72

88

92

92

213

87

56

90

96

92

204
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Table 43

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 29e for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k"' a = 607T and b/a = 2) with
Elastic Solid Boundary Conditions.

Imposed n C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

MaxR

Max Z

3

15

30

150

300

450

3

15

30

150

300

450

3

15

30

150

300

450

0.075014

0.375032

0.750047

3.750125

7.500204

11.250290

0.075007

0.375029

0.750035

3.750100

7.500187

11.250275

0.075012

0.375032

0.750033

3.750080

7.500171

11.250260

1500.280

1500.090

1500.060

1500.039

1500.032

1500.034

1500.140

1500.110

1500.024

1500.033

1500.035

1500.035

1500.240

1500.100

1500.004

1500.024

1500.036

1500.036

186

60

40

26

21

23

93

73

16

22

23

23

160

67

3

16

24

24
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Table 44

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 29f for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k', a = 607r and b/a = 5) with
Elastic Solid Boundary Conditions.

Imposed n f C Ei ror
Characteristic _ _(cm) (m/s) (ppm)

Zero phase

MaxR

Max Z

3

15

30

150

300

450

3

15

30

150

300

450

3

15

30

150

300

450

0.075013

0.375031

0.750047

3.750143

7.500245

11.250337

0.075010

0.375026

0.750037

3.750122

7.500193

11.250230

0.075005

0.375018

0.750030

3.750103

7.500153

11.250163

1500.260

1500.090

1500.064

1500.048

1500.041

1500.037

1500.200

1500.080

1500.044

1500.043

1500.028

1500.015

1500.100

1500.065

1500.048

1500.037

1500.020

1500.004

173

60

43

32

27

25

133

53

29

28

19

10

67

43

32

25

13

3
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Table 45

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 29g for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k"' a = 6077 and b/a = 10) with
Elastic Solid Boundary Conditions.

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 3 0.075013 1500.260 173

15 0.375031 1500.090 60

30 0.750047 1500.064 43

150 3.750143 1500.048 32

300 7.500244 1500.040 27

450 11.250331 1500.035 23

Max R 3 0.075010 1500.200 133

15 0.375027 1500.085 57

30 0.750037 1500.040 27

150 3.750122 1500.043 28

300 7.500196 1500.030 20

450 11.250252 1500.022 15

Max Z 3 0.075006 1500.120 80

15 0.375021 1500.075 50

30 0.750033 1500.048 32

150 3.750106 1500.037 24

300 7.500150 1500.018 12

450 11.250167 1500.007 5
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Table 48

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 30c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k v a = 100T and b/a = 5) with
Absolutely Rigid Boundary Conditions.

Imposed n f C Error
Characteristic (cm) (m/s) (ppm)

Zero phase 5 0.075006 1500.120 80

25 0.375015 1500.045 30

50 0.750021 1500.024 16

250 3.750058 1500.019 12

500 7.500099 1500.016 10

750 11.250135 1500.014 10

Max R 5 0.075004 1500.080 53

25 0.375011 1500.035 24

50 0.750018 1500.028 18

250 3.750049 1500.016 10

500 7.500085 1500.014 10

750 11.250109 1500.010 7

Max Z 5 0.075003 1500.060 40

25 0.375008 1500.025 16

50 0.750010 1500.008 6

250 3.750043 1500.016 10

500 7.500075 1500.013 8

750 11.250086 1500.004 3

210
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Table 49

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 30d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except kv a = 1007T and b/a = 10) with
Absolutely Rigid Boundary Conditions.

Imposed f C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 5 0.075006 1500.120 80

25 0.375014 1500.040 27

50 0.750021 1500.028 19

250 3.750058 1500.019 12

500 7.500099 1500.016 11

750 11.250135 1500.014 10

Max R 5 0.075003 1500.060 40

25 0.375010 1500.035 23

50 0.750018 1500.032 21

250 3.750050 1500.016 11

500 7.500085 1500.014 10

750 11.250109 1500.010 6

Max Z 5 0.075001 1500.002 1

25 0.375004 1500.015 10

50 0.750015 1500.044 29

250 3.750045 1500.015 10

500 7.500072 1500.011 7

750 11.250084 1500.005 3
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Table 50

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 31a for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except kV a = lO00 and b/a = 1) with
Infinitely Flexible Boundary Conditions.

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 5 0.075012 1500.240 160

25 0.375030 1500.090 60

50 0.750044 1500.056 37

250 3.750123 1500.040 27

500 7.500226 1500.041 27

750 11.250344 1500.047 31

Max R 5 0.075010 1500.200 133

25 0.375021 1500.055 37

50 0.750038 1500.068 45

250 3.750105 1500.034 22

500 7.500219 1500.046 30

750 11.250330 1500.044 30

Max Z 5 0.075007 1500.140 93

25 0.375020 1500.065 43

50 0.750025 1500.020 13

250 3.750101 1500.038 25

500 7.500217 1500.046 30

750 11.250326 1500.043 29
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Table 51

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 31b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k v a = 1007 and b/a = 2) with
Infinitely Flexible Boundary Conditions.

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 5 0.075006 1500.120 80

25 0.375015 1500.045 30

50 0.750021 1500.024 16

250 3.750058 1500.019 12

500 7.500087 1500.012 7

750 11.250108 1500.008 6

Max R 5 0.075002 1500.040 27

25 0.375011 1500.045 30

50 0.750016 1500.020 13

250 3.750056 1500.020 13

500 7.500065 1500.004 2

750 11.250088 1500.009 6

Max Z 5 0.075001 1500.020 13

25 0.375002 1500.005 3

50 0.750011 1500.036 24

250 3.750036 1500.013 8

500 7.500046 1500.004 2

750 11.250076 1500.012 7

213
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Table 52

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 31c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except kv a = 100m and b/a = 5) with
Infinitely Flexible Boundary Conditions.

Imposed 1 C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

5

25

50

250

500

750

5

25

50

250

500

750

5

25

50

250

500

750

0.075006

0.375015

0.750021

3.750058

7.500099

11.250136

0.075003

0.375010

0.750018

3.750050

7.500083

11.250110

0.075001

0.375006

0.750015

3.750043

7.500069

11.250080

1500.120

1500.045

1500.024

1500.019

1500.016

1500.015

1500.600

1500.035

1500.032

1500.016

1500.013

1500.C11

1500.020

1500.025

1500.036

1500.014

1500.010

1500.004

80

30

16

12

10

10

397

23

21

10

8

7

13

17

24

9

7

3

214
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Table 53

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 31d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Zv

for the Standard Reference Parameters of Table 1 (Except k, a = 100 and b/a = 10) with
Infinitely Flexible Boundary Conditions.

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 5 0.075006 1500.120 80

25 0.375016 1500.050 33

50 0.750021 1500.020 13

250 3.750058 1500.019 12

500 7.500089 1500.012 8

750 11.250136 1500.019 13

Max R 5 0.075003 1500.060 40

25 0.375009 1500.030 20

50 0.750018 1500.036 23

250 3.750049 1500.016 10

500 7.500086 1500.015 10

750 11.250110 1500.010 6

Max Z 5 0.075000 1500.000 0

25 0.375007 1500.035 23

50 0.750016 1500.036 24

250 3.750043 1500.014 9

500 7.500076 1500.013 9

11.250091750 1500.006
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Table 54

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 32a for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except kV a = 100m and b/a = 1) with
Liquid Boundary Conditions.

Imposed n f C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 5 0.075011 1500.220 147

25 0.375028 1500.085 57

50 0.750043 1500.060 40

250 3.750119 1500.038 25

500 7.500217 1500.039 26

750 11.250319 1500.041 27

Max R 5 0.075009 1500.180 120

25 0.375022 1500.065 43

50 0.750032 1500.040 27

250 3.750108 1500.038 25

500 7.500210 1500.042 28

750 11.250315 1500.042 28

Max Z 5 0.075008 1500.160 107

25 0.375019 1500.055 37

50 0.750027 1500.032 21

250 3.750103 1500.038 25

500 7.500205 1500.041 27

750 11.250314 1500.044 29
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Table 55

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 32b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k v a = 1007 and b/a = 2) with
Liquid Boundary Conditions.

Imposed n C Error

Characteristic ] (cm) (m/s) (ppm)

Zero phase 5 0.075006 1500.120 80

25 0.375015 1500.045 30

50 0.750021 1500.024 16

250 3.750058 1500.019 12

500 7.500086 1500.011 8

750 11.250108 1500.009 6

Max R 5 0.075005 1500.100 67

25 0.375010 1500.025 16

50 0.750018 1500.032 22

250 3.750048 1500.015 10

500 7.500065 1500.007 5

750 11.250086 1500.008 6

Max Z 5 0.075002 1500.040 27

25 0.375007 1500.025 16

50 0.750011 1500.016 10

250 3.750040 1500.015 10

500 7.500055 1500.006 4

750 11.250071 1500.006 4
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Table 56

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 32c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k v a = 100T and b/a = 5) with
Liquid Boundary Conditions.

Imposed 2 C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

5

25

50

250

500

750

5

25

50

250

500

750

5

25

50

250

500

750

0.075006

0.375014

0.750021

3.750059

7.500099

11.250135

0.075005

0.375010

0.750016

3.750050

7.500084

11.250111

0.075003

0.375008

0.750011

3.750041

7.500074

11.250084

1500.120

1500.040

1500.028

1500.019

1500.016

1500.014

1500.100

1500.025

1500.024

1500.017

1500.014

1500.011

1500.060

1500.025

1500.012

1500.015

1500.013

1500.004
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Table 57

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 32d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except kv a = 100m and b/a = 10) with
Liquid Boundary Conditions.

Imposed 1 C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 5 0.075006 1500.120 80

25 0.375014 1500.040 27

50 0.750021 1500.028 19

250 3.750058 1500.019 13

500 7.500099 1500.016 11

750 11.250135 1500.014 10

Max R 5 0.075004 1500.080 53

25 0.375011 1500.035 23

50 0.750018 1500.028 19

250 3.750049 1500.016 10

500 7.500085 1500.014 10

750 11.250111 1500.010 7

Max Z 5 0.075002 1500.040 27

25 0.375006 1500.020 13

50 0.750017 1500.044 29

250 3.750043 1500.013 9

500 7.500070 1500.011 7

750 11.250085 1500.006 4
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Table 58

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 33a for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k v a = 007T and b/a = 1) with
Elastic Solid Boundary Conditions.

Imposed f C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 5 0.075007 1500.140 93

25 0.375026 1500.095 63

50 0.750043 1500.068 45

250 3.750145 1500.051 34

500 7.500277 1500.053 35

750 11.250412 1500.054 36

Max R 5 0.075008 1500.160 107

25 0.375023 1500.075 50

50 0.750035 1500.048 32

250 3.750138 1500.052 34

500 7.500271 1500.053 35

750 11.250411 1500.056 37

Max Z 5 0.075015 1500.300 200

25 0.375020 1500.025 17

50 0.750033 1500.052 35

250 3.750135 1500.051 34

500 7.500268 1500.053 35

750 11.250409 1500.056 38
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Table 59

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 33b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except k v a = 100m and b/a = 1.1) with
Elastic Solid Boundary Conditions.

Imposed 2 C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 5 0.075009 1500.180 120

25 0.375029 1500.100 67

50 0.750044 1500.060 40

250 3.750124 1500.040 27

500 7.500228 1500.042 28

750 11.250337 1500.044 29

Max R 5 0.075006 1500.120 80

25 0.375023 1500.085 57

50 0.750035 1500.048 32

250 3.750110 1500.038 25

500 7.500221 1500.044 30

750 11.250330 1500.044 29

Max Z 5 0.075005 1500.100 67

25 0.375020 1500.075 50

50 0.750030 1500.040 27

250 3.750104 1500.037 25

500 7.500220 1500.046 31

750 11.250325 1500.042 28
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Table 60

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 33c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except kv a = 100 and b/a = 2) with
Elastic Solid Boundary Conditions.

Imposed f C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 5 0.075006 1500.120 80

25 0.375015 1500.045 30

50 0.750021 1500.024 16

250 3.750056 1500.018 12

500 7.500084 1500.011 7

750 11.250110 1500.010 7

Max R 5 0.075003 1500.060 40

25 0.375011 1500.040 27

50 0.750018 1500.028 19

250 3.750043 1500.013 8

500 7.500069 1500.010 7

750 11.250094 1500.010 7

Max Z 5 0.075001 1500.020 13

25 0.375006 1500.025 17

50 0.750017 1500.044 29

250 3.750034 1500.009 6

500 7.500058 1500.010 6

750 11.250082 1500.010 6
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Table 61

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 33d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except kV a = 100m and b/a = 5) with
Elastic Solid Boundary Conditions.

Imposed 2 C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 5 0.075006 1500.120 80

25 0.375014 1500.040 27

50 0.750021 1500.028 19

250 3.750058 1500.019 12

500 7.500099 1500.016 11

750 11.250135 1500.014 10

Max R 5 0.075003 1500.060 40

25 0.375011 1500.040 27

50 0.750018 1500.028 19

250 3.750049 1500.016 10

500 7.500084 1500.014 10

750 11.250110 1500.010 7

Max Z 5 0.075001 1500.020 13

25 0.375008 1500.035 23

50 0.750011 1500.012 8

250 3.750040 1500.015 10

500 7.500064 1500.010 7

750 11.250090 1500.010 7
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Table 62

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 33e for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except kv a = 100m and b/a = 10) with
Elastic Solid Boundary Conditions.

Imposed 2 C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

MaxR

Max Z

5

25

50

250

500

750

5

25

50

250

500

750

5

25

50

250

500

750

0.075006

0.375014

0.750021

3.750058

7.500099

11.250135

0.075004

0.375011

0.750015

3.750050

7.500084

11.250109

0.075003

0.375008

0.750010

3.750043

7.500069

11.250093

1500.120

1500.040

1500.028

1500.019

1500.016

1500.014

1500.080

1500.035

1500.016

1500.018

1500.014

1500.010

1500.060

1500.025

1500.008

1500.017

1500.010

1500.010

80

27

19

12

10

9

53

23

10

12

9

7

40

17

5

11

7

7
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Table 63

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 34a for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except a, = 10-3 cm1 and c3 = 10-3

cm-1) with Absolutely Rigid Boundary Conditions.

Imposed n 2 C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075072 1501.440 959

5 0.375180 1500.540 360

10 0.750292 1500.448 298

50 3.751567 1500.638 425

100 7.503360 1500.717 478

150 11.255131 1500.708 472

Max R 1 0.075055 1501.100 733

5 0.375145 1500.450 300

10 0.750262 1500.468 312

50 3.751692 1500.715 476

100 7.503469 1500.711 473

150 11.255200 1500.692 461

Max Z 1 0.075027 1500.540 360

5 0.375118 1500.455 303

10 0.750231 1500.452 301

50 3.751800 1500.785 522

100 7.503600 1500.720 480

150 11.255365 1500.706 470
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Table 64

Apparent Sound Speeds C fQr Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 34b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except a = 10- 2 cm- I and a 3 = 10-3

cm-) with Absolutely Rigid Boundary Conditions.

Imposed n f C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075072 1501.440 959

5 0.375186 1500.570 380

10 0.750303 1500.468 312

50 3.751402 1500.550 366

100 7.502900 1500.599 399

150 11.254512 1500.645 429

Max R 1 0.075058 1501.160 773

5 0.375153 1500.475 316

10 0.750251 1500.392 261

50 3.751552 1500.650 433

100 7.503252 1501.080 719

150 11.254949 1500.679 452

Max Z 1 0.075029 1500.580 386

5 0.375114 1500.425 283

10 0.750224 1500.440 293

50 3.751653 1500.715 476

100 7.503408 1500.702 468

150 11.255244 1500.734 489
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Table 65

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 34c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except a, = 10-1 cm-I and a 3 = 10-3
cm-') with Absolutely Rigid Boundary Conditions.

Imposed 1 f C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075078 1501.560 1039

5 0.375242 1500.820 546

10 0.750424 1500.728 485

50 3.751697 1500.637 424

100 7.502837 1500.456 304

150 11.254657 1500.728 485

Max R 1 0.075060 1501.200 799

5 0.375188 1500.640 426

10 0.750342 1500.616 410

50 3.751454 1500.556 370

100 7.502641 1500.875 583

150 11.254246 1500.642 428

Max Z 1 0.075045 1500.900 599

5 0.375167 1500.610 406

10 0.750247 1500.320 213

50 3.751352 1500.553 368

100 7.502549 1500.479 319

150 11.254200 1500.660 440
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Table 66

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 34d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except a, = 1 cm- 1 and a3 = 10- cm- 1)
with Absolutely Rigid Boundary Conditions.

Imposed 2 C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075163 1503.260 2171

5 0.375723 1502.800 1865

10 0.751514 1503.164 2107

50

100 * * *

150 *-

Max R 1 0.075050 1501.000 666

5 0.375350 1501.500 1000

10 0.750747 1501.588 1058

50 **

100 * *

150 * * *

Max Z 1 0.074948 1498.960 69

5 0.375149 1501.005 669

10 0.750456 1501.228 818

50 * * *

100 * *

150 * ' *

"'Values unobtainable because of insufficient reaction on acoustic source.
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Table 67

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 35a for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except o, = 10-3 cm-1 and a 3 = 10-3
cm-1) with Infinitely Flexible Boundary Conditions.

Imposed n k C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075072

0.375181

0.750289

3.750786

7.501449

11.252109

0.075057

0.375148

0.750234

3.750692

7.501387

11.252053

0.075039

0.375109

0.750283

3.750624

7.501334

11.252000

1501.440

1500.545

1500.432

1500.249

1500.265

1500.264

1501.140

1500.455

1500.344

1500.229

1500.278

1500.266

1500.780

1500.350

1500.696

1500.170

1500.284

1500.266

959

363

288

166

175

176

759

303

229

153

185

177

519

233

463

113

189

177
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Table 68

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 35b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except a, = 10-2 cm- 1 and a 3 = 10-3
cm - 1) with Infinitely Flexible Boundary Conditions.

Imposed n 2 C Error
Characteristic _ (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075073

0.375187

0.750307

3.750983

7.501.758

11.252459

0.075055

0.375150

0.750257

3.750763

7.501450

11.252148

0.075032

0.375115

0.750182

3.750618

7.501255

11.251849

1501.460

1500.570

1500.480

1500.338

1500.310

1500.280

1501.100

1500.475

1500.428

1500.253

1500.275

1500.279

1500.640

1500.415

1500.268

1500.218

1500.255

1500.238

972

380

320

225

206

187

733

316

285

168

183

186

426

276

178

145

170

158
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Table 69

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 35c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except a, = 10-1 cm-i and c3 = I0-3

cm -
') with Infinitely Flexible Boundary Conditions.

Imposed n 2 C Error
Characteristic _ (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075079

0.375240

0.750426

3.751753

7.503126

11.254126

0.075056

0.375167

0.750344

3.751494

7.502858

11.253882

0.075031

0.375112

0.750252

3.751337

7.502762

11.253850

1501.580

1500.805

1500.744

1500.664

1500.549

1500.400

1501.120

1500.555

1500.708

1500.575

1500.546

1500.410

1500.620

1500.405

1500.560

1500.543

1500.570

1500.435

1052

536

496

442

366

266

746

370

472

383

363

273

413

270

373

361

380

290

I I
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Table 70

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 35d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except a1 = 1 cm- 1 and a 3 = 10- 3 cm- 1)
with Infinitely Flexible Boundary Conditions.

Imposed 2 C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075163

0.375725

0.751520

0.075058

0.375344

0.750746

0.074922

0.375143

0.750400

1503.260

1502.810

1503.180

1501.160

1501.430

1501.608

1498.440

1501.105

1501.028

2171

1871

2118

773

952

1071

1039

736

685

*Values unobtainable because of insufficient reaction on acoustic source.
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Table 71

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 36a for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except al = 103 cm-' and 0 3 = 10-3

cm-1) with Liquid Boundary Conditions.

Imposed n C Error
Characteristic (cm) (m/s) (ppm)

Zero phase

MaxR

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075071

0.375182

0.750293

3.750755

7.501201

11.251906

0.075055

0.375147

0.750245

3.750627

7.501125

11.251851

0.075030

0.375107

0.750200

3.750527

7.501100

11.251800

1501.420

1500.555

1500.444

1500.231

1500.178

1500.282

1501.100

1500.460

1500.392

1500.191

1500.199

1500.290

1500.600

1500.385

1500.372

1500.164

1500.229

1500.280

946

370

296

154

119

188

733

306

261

127

133

193

400

256

248

109

153

186
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Table 72

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 36b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except a1 = 10-2 cm-' and a 3 = 10-3

cm-) with Liquid Boundary Conditions.

Imposed 2 C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075072 1501.440 959

5 0.375187 1500.575 383

10 0.750306 1500.476 317

50 3.751070 1500.382 254

100 7.501657 1500.235 156

150 11.252442 1500.314 209

Max R 1 0.075054 1501.080 719

5 0.375153 1500.495 330

10 0.750259 1500.424 282

50 3.750746 1500.244 162

100 7.501349 1500.241 161

150 11.251949 1500.240 160

Max Z 1 0..075034 1500.680 453

5 0.375118 1500.420 280

10 0.750200 1500.328 218

50 3.750550 1500.175 117

100 7.501045 1500.198 132

150 11.251554 1500.204 136
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Table 73

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 36c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except al = 10-1 cm-1 and a 3 = 10-3

cm- 1 ) with Liquid Boundary Conditions.

Imposed 1 C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075078

0.375241

0.750423

3.751689

7.502791

11.254268

0.075062

0.375175

0.750343

3.751459

7.502635

11.254257

0.075042

0.375142

0.750248

3.751338

7.502550

11.254200

1501.560

1500.815

1500.728

1500.633

1500.441

1500.591

1501.240

1500.565

1500.672

1500.558

1500.470

1500.649

1500.840

1500.500

1500.424

1500.545

1500.485

1500.660

1039

543

485

422

294

393

826

376

448

372

313

432

559

333

282

363

323

440

235
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Table 74

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 36d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except av1 = 1 cm- 1 and a 3 = 10-3 cm-)

with Liquid Boundary Conditions.

Imposed n C Error

Characteristic (cm) (m/s) (ppm)

Zero phase 1 0.075172 1503.440 2291

5 0.375710 1502.690 1792

10 0.751498 1503.152 2099

50 C5

100 * *

150 * *

Max R 1 0.075049 1500.980 653

5 0.375349 1501.500 1000

10 0.750746 1501.588 1058

50 * ' *

100 C

150 * C

Max Z 1 0.074952 1499.040 64

5 0.375148 1500.980 653

10 0.750446 1501.192 794

50 CC

100 C *

150 C C

'Values unobtainable because of insufficient reaction on acoustic source.
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Table 75

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 37a for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except a1 = 10-3 cm-1 and a 3 = 10-3
cm - ') with Elastic Solid Boundary Conditions.

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075074 1501.480 986

5 0.375186 1500.560 373

10 0.750288 1500.408 272

50 3.751120 1500.416 277

100 7.502205 1500.434 289

150 11.253297 1500.437 291

Max R 1 0.075049 1500.980 653

5 0.375148 1500.495 330

10 0.750243 1500.380 253

50 3.751087 1500.422 281

100 7.502185 1500.439 293

150 11.253307 1500.449 299

Max Z 1 0.075034 1500.680 453

5 0.375132 1500.490 326

10 0.750225 1500.372 248

50 3.751077 1500.426 284

100 7.502176 1500.440 293

150 11.253327 1500.460 307
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Table 76

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations 2 Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 37b for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except z 1 = 10- 2 cm 1 and a 3 = 10-3

cm-') with Elastic Solid Boundary Conditions.

Imposed n C Error

Characteristic n (cm) (m/s) (ppm)

Zero phase 1 0.075076 1501.520 1012

5 0.375194 1500.590 393

10 0.750306 1500.448 298

50 3.751169 1500.432 287

100 7.502257 1500.435 290

150 11.253369 1500.445 296

Max R 1 0.075059 1501.180 786

5 0.375152 1500.465 310

10 0.750252 1500.400 266

50 3.751107 1500.428 285

100 7.502200 1500.437 291

150 11.253300 1500.440 293

Max Z 1 0.075036 1500.720 480

5 0.375109 1500.365 243

10 0.750195 1500.344 229

50 3.751065 1500.435 290

100 7.502160 1500.438 292

150 11.253263 1500.441 294
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Table 77

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of 2 are Read from
Fig. 37c for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except al = 10-1 cm-1 and a 3 = 10-3
cm - ') with Elastic Solid Boundary Conditions.

Imposed n C Error
Characteristic _ _(cm) (m/s) (ppm)

Zero phase

MaxR

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075082

0.375253

0.750439

3.751771

7.503018

11.254784

0.075048

0.375196

0.750359

3.751532

7.502749

11.254346

0.075011

0.375146

0.750253

3.751347

7.502661

1M254300

1501.640

1500.855

1500.744

1500.666

1500.499

1500.706

1500.960

1500.740

1500.652

1500.587

1500.487

1500.639

1500.220

1500.675

1500.428

1500.547

1500.526

1500.656

1092

569

496

444

332

470

639

493

434

391

324

425

147

450

285

364

350

437

239
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Table 78

Apparent Sound Speeds C for Successive Intervals Between Indicated Source-to-Reflector
Separations f Corresponding to Half Wavelengths n. The Values of f are Read from
Fig. 37d for the Imposed Characteristics of Zero Phase, Maximum R, and Maximum Z
for the Standard Reference Parameters of Table 1 (Except a1 = 1 cm- 1 and av3 = 10- 3 cm - 1)

with Elastic Solid Boundary Conditions.

Imposed n C Error
Characteristic n (cm) (m/s) (ppm)

Zero phase

Max R

Max Z

1

5

10

50

100

150

1

5

10

50

100

150

1

5

10

50

100

150

0.075166

0.375731

0.751491

0.075051

0.375350

0.750754

0.074949

0.375152

0.750445

1503.320

1502.825

1503.040

1501.020

1501.495

1501.616

1498.980

1501.015

1501.172

2211

1881

2025

679

996

1076

679

676

781

CI Values unobtainable because of insufficient reaction on acoustic source.
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Table 79

Comparison of Apparent Sound Speed Error in Interval Between Source-to-Reflector
Separations f of 0.075 cm to 11.25 cm for Various Boundary Conditions, b/a Ratios, and
ka Values as Determined by Imposed Characteristic of Zero Phase. All Other Unspeci-
fied Parameters are as Given in Table 1. The Distances Correspond to the Interval Be-
tween Nominal Half Wavelengths n of 10 to 150 for k' a = 207, 30 to 450 for k" a = 607,
and 50 to 750 for k' a = 100m, That is, No Closer Than 10 (XI/2).

Boundary b/a 20T MT 100T

Condition

RIGID

FLEXIBLE

LIQUID

ELASTIC

1
1.1

2
5

10

1
2
5

10

(Orth.)
(Act.)
(Orth.)
(Act.)

5
10

1 (Orth.)
1 (Act.)
1.1 (Orth.)
1.1 (Act.)
2 (Orth.)
2 (Act.)

5
10
20
50

0
3

463
231
205

726
171
158
194

580
580
151
151
154
199

1440
1441
1152
1152

286
286
181
192
194
234

0
1

45
24
27

78
20
22
28

72
88
10

28
27

116
113

88
88
23

28
27
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Table 80

Comparison of Apparent Sound Speed Error in Interval Between Source-to-Reflector
Separations f of 0.75 cm to 11.25 cm for Various Boundary Conditions, b/a Ratios, and
ka values as Determined by Imposed Characteristics of Maximum R. All Other Unspeci-
fied Parameters are as Given in Table 1. The Distances Correspond to the Interval Be-
tween Nominal Half Wavelengths n of 10 to 150 for k1l a = 207, 30 to 450 fork I1 a = 60m,
and 50 to 750 for k v a = 007m, That is, No Closer Than 10 (Xi/2).

Boundary b/a 201 60T 1007

Condition

RIGID

FLEXIBLE

LIQUID

ELASTIC

1
1.1

2
5
10

1
2
5
10

(Orth.)
(Act.)
(Orth.)
(Act.)

5
10

1 (Orth.)
1 (Act.)
1.1 (Orth.)
1.1 (Act.)
2 (Orth.)
2 (Act.)

5
10
20
50

0
0

473
238
114

732
173
140
91

583
585
151
150
132
97

1442
1441
1162
1160
290
290
174
180
112
90

0
0
50
24
21

80
19
18
21

74
91

8

21
21

117
114

90
91
23

21
25
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Table 81

Comparison of Apparent
Separations f of 0.75 cm
ka Values as Determined

Sound Speed Error in Interval Between Source-to-Reflector
to 11.25 cm for Various Boundary Conditions, b/a Ratios, and
by Imposed Characteristic of Maximum Z. All Other Unspeci-

fied Parameters are as Given in Table 1. The Distances Correspond to the Interval Be-
tween Nominal Half Wavelengths n of 10 to 150 for k' a = 207, 30 to 450 for k"' a = 6,
and 50 to 750 for k v a = 100m, That is, No Closer Than 10 (X,/2).

Boundary b/a 20T 607T 1007

Condition

RIGID

FLEXIBLE

LIQUID

ELASTIC

1
1.1

2
5
10

1
2
5
10

(orth.)
(Act.)
(Orth.)
(Act.)

5
10

1 (Orth.)
1 (Act.)
1.1 (Orth.)
1.1 (Act.)
2 (Orth.)
2 (Act.)

5
10
20
50

0
1

486
88
37

735
173
134
42

589
589
151
152
127
39

1445
1441
1169
1171
294
293
169
47
58
37

0
0
53
23
19

82
18
10
15

75
93

7

15
15

118
115

92
93
21

15
15

0
0
18

7
7

28
6
6
7

27

6

7
7

36

31

6

7
7
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Table 82

Comparison of Apparent Sound Speed Error in Interval Between Source-to-Reflector
Separations f of 0.75 cm to 11.25 cm for Various Boundary Conditions, Liquid Cylinder
Medium Absorption Coefficients, and ka Values as Determined by Imposed Characteris-
tics of Zero Phase, Maximum R, and Maximum Z. All Other Unspecified Parameters
are as Given in Table 1. The Distances Correspond to the Interval Between Nominal
Half Wavelengths n of 10 to 150 for k' a = 201, 30 to 450 for k1" a = 60u, and 50 to 750 for
k v a = 100T, That is, No Closer Than 10 (A,/2).

Boundary b/a 207T 60m 100
Condition (or adl) (or Zero Phase) (or Mal R) (or Max Z)

RIGID 0 463 473 486
10 -3  458 470 491
10-2 398 535 478
101 404 460 376

FLEXIBLE 0 171 173 173
10-3  172 172 160
10-2 206 179 158
10-1 358 340 344

LIQUID 0 151 151 151
10-3  154 151 149
10-2 206 161 128

10- 1  370 372 375

ELASTIC 0 286 290 294
10-3  286 291 295
10-2 291 290 292

10- 1 415 380 384
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