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Abstract: Torsional experiments have been performed at this laboratory with SLper(onducting

toroids. In order to discuss the results, knowledge of the expected behavior of an ideal stIpercon-

ducting toroid is needed. Equations which describe this ideal behavior have been fotnd in terms of

three geometrically dependent constants, namely, the proportionality constants between components

of the applied magnetic field and components of the magnetic moment of the toroid resulting ftrom

flux expulsion and any net current. Calculations of these three constants are available fin toroids

of circular cross sections fron other NRI Reports. It is possible to estimate Values for other than

circular cross sections.

INTRODUCTION

In order to understand more fully the magnetic
behavior of superconductors, torsional experi-
ments have been performed with superconducting
toroids (1). In these experiments the torque
produced by a toroid is measured as a function
of both the strength and the direction of an ap-
plied magnetic field. Essentially, such measure-

ments determine the magnetic moment of the
toroid, M, since the torque is given by T = M X B.

For a toroid which exhibits ideal supercon-
ducting behavior, two phenomena can produce
magnetic moments: a net current around the

toroid, and flux expulsion from the volume of
the superconductor. Nonideal behavior (such as

the phenomenon of trapped flux) might also
affect the magnetic moment; however, such non-
ideal behavior can be discerned only as it pro-
duces deviations from the ideal.

MAGNETIC MOMENT OF A
SUPERCONDUCTING TOROID

When a constant magnetic field is applied to

an ideal superconducting toroid, surface currents
are induced which both expel flux from the
toroid's volume and conserve flux within the
toroid's center opening. The distribution of this

surface current depends only upon the super-
conductor's geometry, while the current strength
at any point on the surface is directly proportional
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to the intensity of the applied field. If the current
distribution is known, the magnetic moment can
be calculated; however, deriving the current
distribution for the toroidal geometry is difficult
even for the simplest cases. Solutions are available
only for a toroid of circular cross section in a
field which is (a) parallel to the axis of the torus (2),
and (b) perpendicular to the axis (3).

A general expression for the magnetic moment
of a toroid can be written in terms of geometrical
constants. Consider a toroid with its axis placed
at an angle 0 with respect to an applied magnetic
field B (Fig. 1). The applied field can be broken
into two components-one perpendicular and the
other parallel to the axis of the toroid. For the
parallel component of the magnetic field, magnetic

Fig. I - Geonmetry of the toroid
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moments arise from any net current (subscript c)
and from the flux expulsion or Meissner effect
(subscript m). By defining appropriate geo-
metrically dependent proportionality constants,
one can write

M"111 = - 1BI,(1)

M,1-1 = -KI. (B II - Bo). (2)

The minus signs preceding the constants indicate
a direction which opposes the direction of BIi,
and B0 is the parallel component of the field in
which the toroid was cooled into the supercon-
ducting state. The perpendicular component of
the magnetic field produces a moment due to
only the Meissner effect:

M , = -K ,B 1

For the coordinate system shown in Fig. 1 it
can be shown easily that the total magnetic
moment of the toroid is

M = [-K 11B CoS20- K.I (B cos 0- BO) cos 0

A

- KB sin20] i
(4)

- [K .. B cos 0 sin 0 + K. (B cos 0 - B0 ) sin 0

- K,,B cos 0 sin 0] j.

MAGNETIC TORQUE OF A
SUPERCONDUCTING TOROID

The magnetic torque of the superconducting
toroid in the coordinate system of Fig. 1 is given
by

A

T = M X B =-MBk. (5)

From Eqs. (4) and (5) the general expression
for the magnetic torque of a toroid is

T (k), + K/I- K;s,)B cosO-BoK']B sin 0.
(6)

In a torsional experiment, an equilibrium is
attained between the force produced by the toroid
and the restoring force provided by a suspen-
sion system. Since the force produced by the

suspension system presumably is known, the
force produced by the toroid is determined. To
a very good approximation, the torque of most
suspension systems can be written

TS = -c(6 - 0) ,

where 0 - 4 is the angular twist in the suspension
and c is the torsion constant of the suspension.
At equilibrium, T + T, is zero; therefore,

[(K1, + K1 - K-,,)B cos 0 - B0Kf']B sin 0 = c(0 - .
(8)

From Eq. (8) the torsional properties of an ideal
superconducting toroid can be found if the three
K constants are known.

THE K CONSTANTS

In general, the K constants must be determined
by solving the electromagnetic boundary value
problem for the surface current distribution and
then calculating the magnetic moment. For toroids

of circular cross section, KM1, and K.1 are calculated
in the report by de Launay (2),* and K,, is calcu-
lated by Wright and Peterson (3).

An approximate expression for K;, in terms of
K,,, can be found for the toroid of circular cross
section. Cooling the torus in the presence of a
parallel field B11 induces currents around the outer
and inner rims of the torus. These induced cur-
rents must be equal and opposite in order that
they produce no net current. Then this current
distribution can be reduced to two concentric
current loops having currents Tleff and radii
R ± r, where, as shown in Fig. 1, R is the mean
radius of the torus and r is the radius of the torus'
circular cross section. Thus, the magnetic moment
due to a field in the parallel direction can be
written

MIMI =-KIB II = -4rrR leff.

Now, suppose that the torus is in a perpendicu-
lar field, B', equal in magnitude to B''. When R
is substantially larger than r, the field distribution,

*K. and K, are the proportionality constants for MI and M"' re-

spectively of Ref. 2 and are given by (4/3)irR times the appropriate
value in the table on page 35 of Ref. 2.
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(a) Parallel applied field

-eff

-leff
CROSS SECTION A

(b) Perpendicular applied field

Fig. 2 - Field distribution and currents in the xy plane

and thus the current distribution, at cross section
A of Fig. 2 will be essentially identical to the field
and current distribution produced by B 11 except
for a 90' rotation. Therefore, the current distribu-
tion at A due to a parallel field can be replaced by
currents -eff at the outer surfaces as shown in
Fig. 2. The magnetic moment due to B' can be
written, then,

M = -KMB' --2A = effleff ,

where the area Aeff is undetermined and the

factor 2 is needed to include both halves of the

torus. The problem of determining Ae-ff is not
simple; however, as a first approximation, A 4yf

can be taken as the torus' projected area in the
perpendicular direction. Then,

M = -KMB' -8r[R + (rr/4)] Iff.

The ratio of MS", and Mi I then gives the desired
expression

MM", KM. 8r [R + (7rr/4)]

M M11 K M1, 47rrR

or
2OT

KMl ";Z= ( 7T 4 R ) K M11

- I eff
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As an example, for a torus having a radius ratio
of R/r = 7, K1,1 = 0.71 dyne-cm/gauss and KM

0.79 KIJ, = 0.56 dyne-cm/gauss. The exact value
from Ref. 3 is 0.52.

For toroids of other than circular cross section,
no calculations are available; however, reasonable
estimates of the K constants might be obtained by
comparison with toroids of circular cross section.
In any case, torsional experiments allow only

K11 and the difference between k), and KM to be
determined. The latter is true because Ki,1 and

K,, are linearly dependent in Eq. (8). If it is
desirable to determine Ki') and Klm independently,
an additional relationship between them must be
found. In come cases, it might be possible to
obtain such a relationship by considering pro-
jected areas as described for the circular-cross-
section case.

SUMMARY

General expressions have been found for the
magnetic moment, torque, and torsion of ideal

superconducting toroids in terms of three geo-
metrically determined constants. These con-
stants have been discussed in detail for the toroid
of circular cross section, and suggestions for
handling toroids of other than circular cross
section have been given.

ACKNOWLEDGMENT

I wish to thank J. de Launay for a very helpful
discussion of the superconducting toroid problem.

REFERENCES

1. Wilson, B.j., and King, E.E., "Torqe on a Superconducting

Torus in a Uniforn Field," NRI Report (in preparation)

2. de Launay, J., "Electtodynamics of a Supercondu(ting

Torus," NRI, Report 3441, Apr. 1949

3. Wright, E.B., and Petetson, P.I., "Potential and MagnetiC

Moment of a Superconducting Torus in a Nonaxial Uniform

Magnetic Field, NRI. Report 6429 (in leparation)



Security Classification

DOCUMENT CONTROL DATA- R&D
(Security classification of title, body of abstract and indexing annotation must be entered when the overall report is classified)

1. ORIGINATIN G ACTIVITY (Corporate author) 2a. REPORT SECURITY C LASSIFICATION

Naval Research Laboratory Unclassified

Washington, D.C. 20390 2b GROUP

3. REPORT TITLE

THE EXPECTED MAGNETIC TORQUE OF AN IDEAL
SUPERCONDUCTING TOROID

4. DESCRIPTIVE NO
T

ES (Type of report and inclusive dates)

Final report on one phase of the problem.
5. AUTHOR(S) (Last name, first name, initial)

King, E.E.

6. REPORT DATE 7a. TOTAL NO. OF PAGES 7b. NO. OF REFS

Atigust 9, 1966 6 3

8a. CONTRACT OR GRANT NO. 9a, ORIGINATOR*S REPORT NUMBER(S)

E02-02 NRL Report 6414
b. PROJECT NO.

RR 010-01-44-5601
C. 9b. OTHER REPORT NO(S) (Any othernumbers that may be assigned

this report)

d.

10. A VA IL ABILITY/LIMITATION NOTICES

Distribution of this document is unlimited.

11. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY

Department of the Navy (Office of Naval
Research), Washington, D.C. 20360

13. ABSTRACT

Torsional experiments have been performed at this laboratory with superconducting
toroids. In order to discuss the results, knowledge of the expected behavior of an ideal

superconducting toroid is needed. Equations which describe this ideal behavior have been
found in terms of three geometrically dependent constants, namely, the proportionality
constants between components of the applied magnetic field and components of the mag-
netic moment of the toroid resulting from flux expulsion and any net current. Calcula-

tions of these three constants are available for toroids of circular cross sections from

other NRL Reports. It is possible to estimate values for other than circular cross sections.

DD FORM 1473JAN 64 14 5
Security Classification



Security Classification
14. LINK A LINK B LINK C

ROLE WT ROLE WT ROLE WT

Bodies of revolution
Rings
Superconductors
Superconductivity
Magnetic moments
Magnetic properties
Equations
Mathematical prediction
Torque
Energy conversion
Low-temperature research
Cryogenics
Magnetic fields
Electric currents

INSTRUCTIONS

1. ORIGINATING ACTIVITY: Enter the name and address
of the contractor, subcontractor, grantee, Department of De-
fense activity or other organization (corporate author) issuing
the report.

2a. REPORT SECU1ITY CLASSIFICATION: Enter the over-
all security classification of the report. Indicate whether
"Restricted Data" is included. Marking is to be in accord-
ance with appropriate security regulations.

2b. GROUP: Automatic downgrading is specified in DoD Di-
rective 5200. 10 and Armed Forces Industrial Manual. Enter
the group number. Also, when applicable, show that optional
markings have been used for Group 3 and Group 4 as author-
ized.

3. REPORT TITLE: Enter the complete report title in all
capital letters. Titles in all cases should be unclassified.
If a meaningful title cannot be selected without classifica-
tion, show title classification in all capitals in parenthesis
immediately following the title.

4. DESCRIPTIVE NOTES: If appropriate, enter the type of
report, e.g., interim, progress, summary, annual, or final.
Give the inclusive dates when a specific reporting period is
covered.

5. AUTHOR(S): Enter the name(s) of author(s) as shown on
or in the report. Enter last name, first name, middle initial.
If military, show rank and branch of service. The name of
the principal author is an absolute minimum requirement.

6. REPORT DATE: Enter the date of the report as day,
month, year; or month, year. If more than one date appears
on the report, use date of publication.

7a. TOTAL NUMBER OF PAGES: The total page count
should follow normal pagination procedures, i.e., enter the
number of pages containing information.

7b. NUMBER OF REFERENCES Enter the total number of
references cited in the report.

8a. CONTRACT OR GRANT NUMBER: If appropriate, enter
the applicable number of the contract or grant under which
the report was written.

8b, 8c, & 8d. PROJECT NUMBER: Enter the appropriate
military department identification, such as project number,
subproject number, system numbers, task number, etc.
9a. ORIGINATOR'S REPORT NUMBER(S): Enter the offi-
cial report number by which the document will be identified
and controlled by the originating activity. This number must
be unique to this report.

9b. OTHER REPORT NUMBER(S): If the report has been
assigned any other report numbers (either by the originator
or by the sponsor), also enter this number(s).

10. AVAILABILITY/LIMITATION NOTICES: Enter any lim-
itations on further dissemination of the report, other than those

imposed by security classification, using standard statements

such as:

(1) "Qualified requesters may obtain copies of this
report from DDC."

(2) "Foreign announcement and dissemination of this
report by DDC is not authorized."

(3) "U. S. Government agencies may obtain copies of
this report directly from DDC. Other qualified DDC
users shall request through

(4) "U. S. military agencies may obtain copies of this
report directly from DDC. Other qualified users
shall request through

(5) "All distribution of this report is controlled. Qual-
ified DDC users shall request through

If the report has been furnished to the Office of Technical
Services, Department of Commerce, for sale to the public, indi-
cate this fact and enter the price, if known.

11. SUPPLEMENTARY NOTES: Use for additional explana-
tory notes.

12. SPONSORING MILITARY ACTIVITY: Enter the name of
the departmental project office or laboratory sponsoring (pay-
ing for) the research and development. Include address.

13. ABSTRACT: Enter an abstract giving a brief and factual
summary of the document indicative of the report, even though
it may also appear elsewhere in the body of the technical re-
port. If additional space is required, a continuation sheet shall
be attached.

It is highly desirable that the abstract of classified reports
be unclassified. Each paragraph of the abstract shall end with
an indication of the military security classification of the in-
formation in the paragraph, represented as (TS), (S), (C), or (U).

There is no limitation on the length of the abstract. How-
ever, the suggested length is from 150 to 225 words.

14. KEY WORDS: Key words are technically meaningful terms
or short phrases that characterize a report and may be used as
index entries for cataloging the report. Key words must be
selected so that no security classification is required. Identi-
fiers, such as equipment model designation, trade name, military
project code name, geographic location, may be used as key
words but will be followed by an indication of technical con-
text. The assignment of links, roles, and weights is optional.

Security Classification


