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ABSTRACT

A study of the Faraday effect has been made and some proce-
dures have been outlined for estimating the amount of Faraday
rotation imposed upon linearly polarized radar waves in the ion-
osphere. The study involves the construction of suitable models
for the ionosphere and the geomagnetic field. In the estimation
analysis, variable scale height Chapman profiles are used to rep-
resent the average ionosphere. The magnetic field model is em-
bodied in a rather standard tabular procedure, which makes use
of Navy Oceanographic Office charts.

The steps were determined which are required to predict an
expectation value for the amount of Faraday rotation imposed
upon the radar signals reflected from ionospheric and super-
ionospheric targets. These steps involve (a) obtaining a magnetic
field parameter from the tabular procedure and (b) estimating
the electron content below the target. Both steps (a) and (b) re-
quire the knowledge of maximum usable frequencies from Bureau
of Standards CRPL maps.

PROBLEM STATUS

This is an interim report; work on the problem is continuing.

AUTHORI ZATION

NRL Problem R02-05
Project RF 001-02-41-4001

Manuscript submitted December 11, 1964.



PREDICTION OF FARADAY ROTATION ANGLES
AT VHF AND UHF

INTRODUCTION

At the Chesapeake Bay Annex (CBA) of NRL, radars radiating at 138.6 Mc and 435
Mc utilizing a 150-foot parabolic reflector have been in limited operation since early
1963. Vertical polarization is employed in the transmit mode of both the vhf and uhf
radars; however, in the receive mode, both vertical and horizontal polarization voltages
are recorded. These and other radar analog data are quantized and recorded on mag-
netic tape in binary codes along with certain manually inserted digital data. The re-
corded information is generated in a format compatible with both the NRL NAREC and
the IBM 7090 computers in order to facilitate data analyses.

Subionospheric, ionospheric, and superionospheric targets have been observed, in-
cluding the moon. The radar echoes from the ionospheric and superionospheric targets,
which have been derived from linearly polarized receiver channels, usually exhibit tem-
poral fluctuations in amplitude which are directly related to magneto-ionic interaction
with the radar beam. Most of these fluctuations are a consequence of the so-called
Faraday effect, which results in a rotation of the plane of vibration of a linearly polar-
ized radio wave. The magnitude of this rotation is directly proportional tn the time-
varying product of the electron content and the magnetic field component along the ray
path and inversely proportional to the radio frequency squared. The exact amount of
rotation for a particular radar frequency may in principle be reduced to a function of
target azimuth, elevation, and altitude-all functions of time-provided fairly accurate
knowledge of the geomagnetic field and time-varying ionospheric electron density dis-
tribution is available. It must be assumed, however, that the targets which are consid-
ered produce negligible depolarization; that is, on the average, a n-radian phase rever-
sal occurs upon reflection. This is probably the case for relatively large spherical
balloon satellites of the Echo series and is approximately true for the lunar surface.
The lunar surface produces a crosspolarized component which is 10 to 20 db down from
the principal polarization response for radar frequencies of interest. The restrictions
to relatively spherical satellites or the moon are made only to allow simple Faraday
rotational analyses to be performed on the recorded data. It is certainly applicable to
the prediction of the orientation of an incoming plane polarized radio wave transmitted
from an orbiting satellite; the amount of rotation is simply one-half the two-way value,
and there is no reflection mechanism to consider.

It is the aim of this report to discuss the Faraday effect from the empirical point of
view and to outline a simple set of procedures by which the amount of Faraday rotation
may be estimated. The principles used in this report are applicable to all radar frequen-
cies which are sufficiently higher than the maximum plasma frequency along the line of
sight between the radar and the target. Appropriate formulas for computing the magnetic
field parameter are applicable for any location, provided allowances are made for local
magnetic field data. A fairly exacting method for computing the magnetic field parame-
ter is discussed and is particularly useful if a digital computer is available. Values
resulting from computations for NRL's Chesapeake Bay Annex are presented for illus-
trative purposes. An approximate method appropriate for hand calculations is also
outlined.
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A report of Faraday rotation studies of radar echoes from Echo I and the moon is
being prepared. It will include diurnal curves of the electron content deduced from
Faraday fade rates at 138.6 Mc. The prediction techniques to be described herein will
be incorporated in the analysis of the data.

In the discussion which immediately follows, the fundamental equation which governs
the Faraday rotation phenomenon is developed into a more useful form.

SIMPLIFIED THEORY

Fundamental Equation

It is well known that a linearly polarized wave may be regarded as the superposition
of two circularly polarized waves of equal intensity rotating in opposite senses at the
radio-frequency rate. In a magneto-ionic medium such as the ionosphere, an additional
phase difference between the left hand and right hand circularly polarized waves is in-
duced by the difference in the effective indices of refraction for these two waves. The
resultant linearly polarized wave into which these two distinct waves recombine has
rotated at a given distance within the medium by an amount which is proportional to the
product of this distance of traversal and the difference in the two indices of refraction.
In translating the two indices of refraction into more useful parameters, one finds that at
high enough frequencies there exists a relationship between the Faraday rotation angle
and the electron content along the ray path; furthermore this relationship is linear. More
precisely, one obtains the result that the rotation of the electric vector is proportional to
the product of the electron content and the magnetic field component along the path of ray
propagation and inversely proportional to the square of the radio frequency. In general,
the path of radio propagation is neither parallel nor antiparallel to the geomagnetic field
vector. One may, however, with little loss in accuracy assume that a quasi-longitudinal
mode of propagation exists and replace the total magnetic field intensity by the intensity
of the component along the path of radio propagation. Consequently, one may express
the amount of one-way Faraday rotation by the relation

Q 2.97x 10-2 f-2 J0 (H cos 0) Nds (1)

where

Q2 is the rotation angle in radians,

f is the radio frequency in cycles per second,

H is the total magnetic field intensity in ampere turns per meter,

e is the angle between the ray path and the magnetic field vector,

N is the electron density in electrons per cubic meter,

s is the distance measured along the ray path, with ds being its differential, and

S is the distance from the radar to the target.

Equation (1) governs the amount of rotation of a linearly polarized wave and is the funda-
mental equation from which a more convenient relationship may be derived. An excellent
derivation of this equation has been performed by Potts (1).
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The path of radio propagation, r, is defined to be a straight line with its orientation

Specified by the target azimuth and elevation. Although the total atmospheric bending at
,low elevation angles and at frequencies less than 100 Mc can be quite appreciable, above
100 Mc one may with little error neglect both tropospheric and ionospheric bending.
under the worst conditions, the total refractive angular error at an elevation of zero

degrees is less than 1.5 degrees at a radio frequency of 100 Mc (2). Consequently under
the most usual conditions, the assumption of rectilinear propagation is reasonably valid.

Assuming a 7T-radian phase reversal upon reflection from a target, the total two-
way rotation is simply twice the one-way value or

S

2 = 5.94 x 10-
2

f
- 2  (H cos O)Nds (2)

Inherent in this notion is that the transmitted and reflected paths are coincident and that
the propagation conditions are invariant over the time period of the two-way path. In
order to relate Q to a vertical electron density distribution, one must require the fol-
lowing (Fig, 1):

ds = dh csc ({+ E) (3)

where E is the elevation angle of the target, = (r, s) is the surface projection of that
portion of the ray path which terminates at a distance s from the radar site, and (t + E)
is the complement of the zenith angle referenced to a point defined by r and s. The angle c
will henceforth be referred to as a total angular separation. This labeling anticipates
the ultimate separation of t into two components-one in latitude and the other in longi-
tude. An explicit expression for appears in the appendix of this report as Eq. (A6) and
its component latitudinal and longitudinal angular separations appear as Eqs. (A4) and
(A).

Replacing d s in Eq. (2) by the right hand member of Eq. (3) gives

r

Fig. 1 - Ray path geometry
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£ 5.94 x 10-2 f-2h H cos 0 csc ( + E)Ndh (4)
0

where h t is the altitude of the target. This substitution enables one to discuss vertical
electron density distributions and is an obvious convenience for correlation purposes. It
is noteworthy that the vertical distribution so obtained is a function of the radiopath r
and is not necessarily the same distribution which would be obtained if c were 90 degrees.
If one denotes H cos 0 csc ( + E) by the symbol I, then Eq. (4) becomes

f
h t

£ 5.94 x 10-2 f-2 $ h Ndh. (5)

Along each path of radio propagation, T is a continuous function of the measured dis-
tance s; consequently, from Eq. (3), T is a continuous function of altitude h along each
path of radio propagation. Since T is a continuous function of altitude and since N is
everywhere positive, one may invoke the theorem of the mean to obtain a more conven-
ient form of Eq. (5) in which the geomagnetic field and the electron density are embodied
in two distinct and separated quantities. That is,

0h t

= 5.94 x 10 -  f -2  (hM) N(h) dh (6)

where the integral is called the subtarget electron content, T is the mean value of T on
r, and hm is some intermediate value of altitude between 0 and h t which is selected in
orderthat the following property be satisfied:

ht

'h 5
t N(h) q(h,r) dh

(hm r )  fa (7)
fht N(h) dh

In the foregoing argument, it has been assumed that the ionosphere is spherically strati-
fied, which renders N independent of r. If, however, the target is at very low elevation
and significant horizontal gradients are known to exist, then N is strongly dependent on r .

Equation (6) is the form of the Faraday rotation which is most convenient for predic-
tion purposes. In order to estimate the subtarget electron content and select the proper
value for the magnetic field parameter T, one must have an a priori knowledge of the
ionospheric distribution of electrons and the geomagnetic field.

Magnetic Field Parameter

The magnetic field parameter T, which is the mean value of the T, function, will be
discussed in this section. Particular emphasis is given to the designation of the proper
intermediate altitude at which T is defined.

The magnetic field model which will be used in the Faraday rotation analysis is a
relatively simple graphical one. It consists of a surface data extrapolation procedure
which is reasonably accurate at all altitudes and all elevation angles, and for which a
generalized NAREC computer program has been written. In the model, two rather stand,
ard assumptions are made. First, it is assumed that the magnetic field orientation at
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any given latitude and longitude does not vary with altitude. Hence, surface values of the
magnetic field inclination and declination are assumed to exist at all altitudes. This is a
reasonable assumption throughout that portion of the ionosphere which is effective in pro-
ducing Faraday rotation. Secondly it is assumed that the surface field intensity decreases
in accordance with the relation

where R is the radius of the earth, h is the altitude at which the intensity is computed,
and F(h) is the ratio of the intensity at h to the surface intensity Ho. Equation (8) is plotted
in Fig. 2. This surface data extrapolation procedure has been discussed by Yeh and
Gonzalez (3) as well as Millman (4).

0 100 200 300 400 500 600
ALTITUDE, h (KILOMETERS)

700 800 900 1000

Fig. 2 - Decrease in magnetic field intensity with altitude

Two other methods are often utilized in magnetic field computations. One employs
a dipole approximation to the geomagnetic field; this method is inaccurate toward the
poles and at low ionospheric altitudes. The other is a highly sophisticated method which
employs a 7th order Legendre polynomial series which is generally applicable throughout
all ionospheric altitudes to a high degree of accuracy. This method is used by experi-
mentors participating in the S-66 ionospheric satellite program. As of this writing, the
NASA computer program is not applicable at low elevation angles, but this deficiency is
being eliminated. *

For the model to be used in the analysis, it may be shown by a straightforward
geometrical argument that the kv function may be written (see the appendix for the deri-
vation and necessary geometrical illustrations)

'I(h,F)=Ha-F(h) [sin I + cos I cos 8 cot ( + E)

*Dr. L. J. Blumlie, NASA, private communication.

H(h) = HorF(h ) = Her(1 + h/R) -3
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where

H. is the surface magnetic field intensity in ampere turns per meter,

I is the magnetic inclination,

8 is the projection of 0 in the horizontal plane,

F(h) is the fractional decrease of H with altitude, and

is the total angular separation between the radar site and the surface point at
which H,, I, and I are evaluated.

The angle 8 is the sum of two distinct angles - 3 and D, where /3 specifies the orienta-
tion of the projected ray path with respect to a line of constant longitude and D is the
magnetic variation or declination at the surface point. The surface point, denoted P', is
the surface projection of the point in space, denoted P, which is defined by either a par-
ticular altitude h on r or a particular distance s measured along F. This is a result
of the transformation prescribed by Eq. (3). In other words P' = P'(rs) 1 P'(Fh). In
addition, P' may be prescribed by and the target azimuth A. The parameters H ,I,
and D are highly dependent upon the surface point (see the appendix for a complete dis-
cussion). Since F = F(A, E), v is clearly a function of azimuth, elevation, and altitude.
Figure 3 shows the total angular separation as a function of elevation with altitude as
parameter.

In the ' computation process, one must associate with a given set of values of azi-
muth, elevation, and altitude two component angular separations from the radar site-one

30 7lllllml II II-ll rm-I n II rrrrlrllll r lm-ll r TIrllnl-rllr -m-Frn-T r-m rim- -~i-mF---

20 111 11_1 111 1_

2O0

W KEY

__ _ _ (D h =100 ___ _ _ _ _ _ _ _ _ _ _

P 15 (2 h = 200

,,-, M h = 300

30 40 50 60
ELEVATION ANGLE ( DEGREES )

Fig. 3 - Total angular separation as a function of
altitude with elevation as a parameter
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a latitudinal separation Ak and the other a longitudinal separation &p. These separations
are given in Figs. 4 and 5 as functions of target azimuth with as parameter for CBA.

Figures 6-13 show ' for CBA as a function of azimuth with elevation as parameter
for altitudes of 100, 200, 300, 400, 500, 600, 800, and 1000 kilometers. It is, from the
computational point of view, an obvious timesaving procedure to assume that the local over-
head values of the magnetic field intensity, inclination, and declination exist everywhere
and subsequently restrict analysis of data to that which corresponds to relatively high
target elevation angles. At high elevation angles, the overhead value assumption is quite
adequate; at low elevation angles, marked discrepancies exist between the more exacting
tabular procedure and the overhead value procedure. Figure 14 illustrates the discrep-
ancy between the two procedures referenced to CBA at 300 kilometers for an elevation of
45 degrees. Also depicted in Fig. 14 is the ' function which arises from the series
technique employed by NASA. Note the good agreement.

s0

* 0

0 350 60 90 120 1I0 180 210 240 270 3-'00 33:0 %60
AZIMUTH, A (DEGREES)

Fig. 4 - Latitudinal angular separation AX as a function of
azimuth with as a parameter

The variation of ' as a function of altitude along r is of some importance in the
determination of T at some intermediate altitude hm on F. Figure 15 depicts the varia-
tion of ' at CBA along nine particular paths which have been chosen to illustrate its ex-
tremes. Except at low elevation angles in the neighborhood of north or south from CBA,
'P is approximately a linear function of altitude throughout the ionosphere. If we may
assume that ' is linear, we have

T(h,F) = 'P(h 0 ,F) + (-ak/~h) (h-h 0 ) (10)

where (3T/ah) is the assumed slope of the function T, (h0 ,F) is the value of ' at the
base of the ionosphere, and h0 is the altitude of the ionospheric base. Consequently, the
mean value of ' may be expressed by the relation
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h N dh

( 1 1m'U ' ) = ' ( h 0 ' F ) + ( / )N d h )- ( 1 1 )

Denote the ratio of the two integrals in Eq. (11) by the symbol fi. Since N(h) 7 0 for
h < 1, it is clear that h is the mean altitude over the electron density distribution below
ht. Within the framework of the assumptions which have been made, it is evident that h
is equivalent to hm. However, if T is a nonlinear function of altitude, then i I ii. For
the sake of simplicity, it will be assumed that hm is quite accurately approximated by h.

Figure 16 shows the relationship between azimuth, elevation, total angular separa-
tion, and T(400, F) for CBA with iT = 400 kilometers for a typical lunar transit. Note that
T not only changes slowly as a function of time but as a function of relative transit posi-
tion. The slow temporal variation of 'P is a result of the slow lunar transit time and the
slow positional variation is due to the fact that the moon moves in a more or less equa-
torial orbit. Contrast this with Fig. 17, which shows the relationship between azimuth,
elevation, total angular separation, and T(400, F) for a typical Echo II transit as viewed
from CBA. The transit time is the order of 17 minutes, which accounts for the rapid
temporal variation of T; the fast positional variation is a result of the nearly polar orbit
in which Echo II moves. Obviously a greater amount of fading will occur over an Echo II
transit than over a lunar transit, all else being equal.

0 30 60
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Fig. 6 - The T function for an altitude of 100 kilometers
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Fig. 11 - The T function. for an altitude of 600 kilometers
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Fig. 16 - Relationship between azimuth, elevation, total
angular separation, and T(400, F) for a typical lunar transit
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Fig. 17 - Relationship between azimuth, eleva-
tion, total angular separation, and T(400, r)
for a typical Echo II transit

Ionospheric Model

The predicted value of the Faraday rotation angle 0 is highly dependent upon the
choice of the electron density model of the ionosphere. The shape of the distribution is
not only important in the determination of T, it is of importance in the estimation of the
electron content below ht. For estimation purposes, a Chapman distribution is assumed.
Mitra (5) and Ratcliffe (6) discuss the theoretical Chapman distribution in some detail. A
number of assumptions incorporated in the derivation of the Chapman function are wholly
inadequate to describe the highly intricate ionospheric physics and chemistry (7a). Even
So, close structural similarity between a normalized Chapman distribution and the exper-
imentally deduced ionospheric distributions may be obtained by adjusting the scale height.-Y means of rocket measurements, Seddon (8) substantiates this argument. From his
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studies, he has deduced a representative quiet-day midlatitude profile of the ionosphere.
Upon scrutiny of Seddon's model, it is clear that a Chapman profile with a 75-km scale
height suffices for the nocturnal ionosphere and that a Chapman profile with a 100-km scale
height approximates the daytime ionosphere provided minor perturbations are neglected.

The morphology of the ionosphere is the subject of numerous theoretical treatises
and experimental investigations. This topic is beyond the scope of this report and will
not be discussed. However, excellent reviews of ionospheric research are found in
Aarons (9), and lately Little, Van Zandt, Bowhill, Matsushita, and Knecht (10) have dis-
cussed the subject. Much information as to the basic ionospheric structure may be ob-
tained by means of vertical incidence ionosonde data. For example, the ordinary ray
critical penetration frequencies, foE , f0F1, and fF2 are related to the electron densi-
ties of the E, F1, and F2 regions by means of the relation

N = 1.24 x 1010 f02  (12)

where N is the peak density of the region in electrons per cubic meter and fo is the
maximum plasma frequency or critical penetration frequency of the reflecting region in
megacycles. Another useful parameter, MUF(4000)F2, refers to the maximum usable fre-
quency in megacycles for F2 region ionospheric bounce communication over a skip dis-
tance of 4000 km. MUF(zero)F2 is analogous to the critical penetration frequency of the
F2 region, foF2.

Due to retardation, the true height h at which radiowaves are reflected is generally
much lower than the virtual height h' corresponding to one-half the time delay between
the transmission and reception of radiowaves at the free space speed of light. Conse-
quently, the true height of the F2 maximum may be obtained from ionograms (which are.
curves of the virtual height as a function of transmitted frequency) only through a com-
puter program which involves the magnetic field. Shimazaki (7b) has developed the fol-
lowing simple formula for computing the predicted true height of the F2 maximum as-
suming a parabolic distribution below the F2 maximum with a semithickness of 90
kilometers:

hF2 = (1490/M(3000)F2) - 176 (13)

where M(3000)F2 is the ratio of MUF(3000)F2 to f 0 F2 and hF2 has units of kilometers.

This function is given in Fig. 18 along with the difference (h'F2 - hF2) as a function
of M(3000)F2. This values of the virtual height h'F2 are typical monthly averages at Ft.
Belvoir, Virginia. The parameter M(3000)F2 is routinely determined at most ionospheric
sounding stations. The Central Radio Propagation Laboratory of the Bureau of Standards
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publishes worldwide predictions of MUF( zero)F2 and MU(4000)F2 three months in advance

for every even hour of universal time (11). Sample maps of the predicted values of these
two parameters are given in Fig. 19 for 00 hours UT September 1964.

Since maps of the predicted MUF(4000)F2 are readily available, a relationship be-
tween this parameter and the altitude of the F2 maximum is necessary. Shimazaki's
general equation may be written (7b)

hF2 = 6370 M( DF2 12 + cos ( - 1] 2 < M(D)F2 _ 4 (14)

where the skip distance D and hF2 are in kilometers. Inserting a skip distance of 4000

kilometers, we obtain the following approximate formula whose graph appears in Fig. 20:

hF2 = 1968/M(4000)F2 - 311 (15)

A reasonable description of the ionosphere for the purpose of this report is one in
which the F2 region is the dominant contributor to the electron content. The D region is
a totally negligible contributor. The E and F1 perturbations which occur in the assumed
Chapman distribution (which is centered about the F2 maximum) are ignored as a first
approximation. This is not without justification, since the E and F1 regions disappear
during nocturnal hours and their presence does not generate serious errors during quiet
daytime hours. The effect of sporadic E and spread F disturbances is unpredictable and
cannot be incorpprated into the prediction processing. Since the vertical scales of spo-
radic E are quite small, the occurrence of these patches of electrons would not be ex-
pected to contribute much to the total Faraday rotation angle. Spread F is probably as-
sociated with ionospheric inhomogeneities and might be considered as simply a redis-
tribution of the normally existing quasi-smooth distribution. If this is so, then spread F
may also be neglected with little error.

The normalized Chapman distribution, Ch(Sh), may be written

h(1h) N(h) - [(8h)] -exp [ h(16)

C(8) N F2 x2-I

where NF2 is the peak electron density, N(Sh) is the electron density at a distance
Sh = h - hF2 from the F2 maximum, and H. is the scale height of the distribution. Fig-
ure 21 is a superposition of a number of Chapman distributions, each defined by its
unique scale height HS. The integrals of the distributions are illustrated in Fig. 22 and
are given by

C( m t )  

8 h t

( -h ht Ch(Sh) d(6h) (17)
N2 - hF2

where C(8ht) is the absolute electron content, C(5ht)/NF2 is the normalized content, the
upper limit iht = l t - hF2, and h t is the altitude of the target. Note from Fig. 22 that
as the scale height increases, the normalized content also increases. The normalized
content is sometimes referred to as the slab thickness of the ionosphere. For a target
which is imbedded in the ionosphere, one may still refer to the normalized subtarget
content as an effective slab thickness. The slab thickness has units of kilometers and is
the depth of the equivalent constant density slab into which the ionosphere below the tar-
get may be compressed assuming a slab density of NF2. Figure 23 gives the slab thick-
ness as a function of scale height for HS between 70 and 100 kilometers. One may write
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Fig. 20 - Predicted true height of the F2
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Fig. 21 - Normalized Chapman distributions of
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Fig. 22 - Normalized electron content of the ionosphere
as a function of altitude
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Fig. Z3 - Slab thickness of the ionosphere
as a function of scale height

C/NF2 = a + b(H s - 70)

where a is the effective slab thickness at H. = 70 kilometers and b is the slope. The
parameters a and b are functions of 8ht . Curves of a and b are presented in Fig. 24.

As may be deduced from Fig. 22, roughly twice as much Faraday rotation occurs in
the region above the F2 maximum as compared to the region below the F2 maximum.
More specifically the ratio of the rotation above the maximum to below the maximum is
approximately 2.15. Therefore the ratio of the total rotation to the rotation below the
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400 600
8ht KILOMETERS)

Fig. 24 - Curves from which the slab thickness
is obtained as a function of target altitude

maximum is approximately 3.15. Thus about one-third as much rotation occurs below
the F2 maximum as throughout the entire ionosphere.

It is quite clear that varying degrees of accuracy in the Faraday prediction may be
generated through the methods by which the electron content term is evaluated. The
ionospheric data which are currently available for prediction purposes are primarily
educated estimates based on previous occurrences and as such cannot accurately account
for anomalous or otherwise unpredictable ionospheric behavior. One ideally may only
hope to describe the median quiet-day behavior of the ionosphere. In any case, one must
take care so as not to "overcompute" available data. For example, one cannot justify the
precise consideration of a parameter whose variations contribute small perturbations in
the electron content if the knowledge of another parameter whose variations contribute
relatively large perturbations in the content is imprecise or unpredictable. In light of
this argument, the consideration of a simple Chapman model of the ionosphere is reason-
ably justifiable.

Having defined the electron density distribution, the ionospheric mean of that portion
of the ionosphere which lies beneath the target is well defined. Graphs of sflt as a func-
tion of scale height are presented in Fig. 25 for a wide range of values of the distance 8h.
The ionospheric mean is computed by means of a relation of the form

S h t 6hCh(Hs, Sh) d(Sh)
h hF2 + 8 t  hF2 + 8h

F2 Ch(H, Ih) d(8h)

(19)
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where Sht = h t - hF2 and 8ht = h - hF2.

In accordance with Seddon (8), one might assume a scale height of 100 kilometers
during the day and 75 kilometers during nocturnal hours. Seddon's results are strictly
applicable for north midlatitudes under undisturbed conditions. In order to smooth the
transition between daytime and nighttime values of HS, one might assume a sinusoidal
dependence of the form

Hs = 87.5 + 12.5 cos [15(t - 12)] (20)

where t is the local solar time in hours. Many other possible functions may be envi-
sioned which describe the average behavior quite well. In the prediction process, the
scale height is equally as important as f 0 F. From Eq. (18), it is found that the slab
thickness of the entire ionosphere increases 40 kilometers per 10 kilometers of scale
height. Consequently, the amount of Faraday rotation increases approximately 30% as
H, increases from 75 to 100 kilometers, provided h, hi, and f 0 F2 are invariant.

150

,oo ~ ~ ~--* , -V - '

-00-50

70 75 80 85 90 95 I00
Hs (KILOMETERS)

Fig. 25- Curves from which the mean altitude
may be derived as afunction of target altitude

COMPUTATIONAL PROCEDURE

The Faraday rotation which occurs over a two-way ionospheric path will be computed
by the relation

1= 5.94 x 10 - 2 f- 2 lqC (21)

where Q is the Faraday rotation angle in radians, f is the radar frequency in cycles per
second, T is the magnetic field parameter in ampere turns per meter, and C is the sub-
target electron content in electrons per square meter column.
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A diagram for determining the Faraday rotation is given in Fig. 26. If curves of the
magnetic field parameter, T, have not been computed for the locality in question (curves
similar to those which appear in Figs. 6 through 13), a diagram from which approximate
values of T may be obtained is included in Fig. 27. The ionospheric mean h, which is
important in the determination of the magnetic field parameter, may be computed by
means of the procedure outlined in Fig. 28.

Remember that T is a function of altitude along the ray path. In terms of readily
measurable quantities, T may be expressed as a function of azimuth A, elevation c, and
altitude h. In like manner, the magnetic field parameter, T, may be expressed as a func-
tion of A, E, and h, where h is the effective ionospheric mean altitude.

The program to be followed in arriving at 1 through Eq. (21) under a given set of
circumstances involves the selection of an ionospheric mean h and a corresponding total
angular separation -. Once the mean is selected, the magnetic field parameter is
uniquely determined for a given pair of values of azimuth and elevation. The mean is
also used in the determination of the mean electron distribution and the subtarget content

The magnetic field parameter
may be obtained from Fig. 27
for high elevation angles. In
general one should construct
a family of curves similar to
Figs. 6-13 inclusive in this
report. The value of ionospheric
mean to be used with such curves
may be obtained with the aid of
Fig. 28.

MUF (zero)F2,MUF(4000)F2

hF2 = 1968 MUF(zero)F2 - 311
MUF(4000)F2

Note that the i'atio of the
maximum usable frequencies
is identical with the quantity L
M(4000)F2. Figure 20 may
be used to determine hF2
directly.

NF2= 1.24x 10 '0 MUF(zero)F2 2

I C = NF2 x(C/N]

Q 5.94 x 10 - 2

f
2

Values of the maximum usable frequencies
may be obtained from CRPL maps. For
the processes by which the appropriate
values are obtained, refer to Fig. 28.

ht H ,,
The scale height
may be obtained
from Eq. (ZO)
of this report. If
rather accurate
estimates of scale
height are avail-
able, they should
be used instead.

h t = h t -hF2

/NF) Effective slab

C/NF2 (Fig. 24) thickness

The effective slab
thickness is expressed
in units of kilometers.

F2) x 103 1The electron content
is expressed in units
of electrons per square
meter.

-P C radians = 3.40 -C degrees
f
2

Fig. 26 - Computation diagram for
of the amount of Faraday

the determination
rotation

f
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MUF(zero)F20 , MUF(4000)F2 0.

FMUF(zero)F2 o
[hF2o -1 9 6 8 MUF(4000)F2 )-31

Overhead values of the maximum
usable frequencies may be obtained
from CRPL maps if one is given
the coordinates of the radar site
and the time of observation. Over-
head values of the magnetic field
intensity, inclination, and declina-
tion for a particular radar site are
extracted from Navy Oceanographic
Office charts. The zero subscripts
imply local overhead values of the
maximum usable frequencies as
well as hF2.

i
S 6h t (Fig. 25)

T
cot 4E F(E) = (R/R+fi) 3

ip=H 0aoF(h) [sin 1. + cos I o cos

The scale height
may be obtained
from Eq. (20)
of this report. If
rather accurate
local estimates of
scale height are
available, they
should be used
instead.

SLocal surface
values of H.,
D, and I are
indicated by
zero subscripts.

6cotfE

Fig. 27 - Computation diagram for the determination of the
magnetic field parameter at high elevation angles
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Values of the maximum usable frequencies may be obtained
from CRPL maps if one is given the coordinates of the
radar site and the time of the observation. Values of the
magnetic field intensity, inclination, and declination may
be obtained from Navy Oceanographic Office charts. The
zero subscripts imply local overhead values.

MUF(zero)F20 , MUF(40

hF20  1968 MUF(zero)F2o
MUF(4000)F2o

)0)F2 0 1 h t

-311

bh~' = ht -hF20

t

The scale height may be
obtained from Eq. (20). If
rather accurate local
estimates are available,
they should be used instead.

A '= hF20+ b ..'t I

The latitudinal and long

+be obtained from Navy

A-, A -- circle sailing charts or
in the appendix of this r
consist of two families

MUF(zero)F2, MUF(4000)F2

hF2 = 1968 MUF(zero
MUF(4000

Note that the ratio of
the maximum usable
frequencies is identical
to the quantity M(4000)F2.
Figure 20 may be used to
determine hF2 directly.

L'9

latitudinal and longitudi
as functions of azimuth
as parameter for CBA.

)F2 -311

[Tt= ht-hF2 j
IF

6ht (Fig. 25)

h+F

This is essentially the
overhead mean altitude

itudinal separations may
Oceanographic Office great
by means of Eqs. (A4)-(A6)

'eport. Figures 4 and 5
of curves which depict the
nal separations respectively
with total angular separation

At large elevation angles, the
total angular separation
between the radar site and
the projection of the assumed
ionospheric mean may be
small. The effect is to re-
duce the latitudinal and longi-
tudinal separations. In that
event, one may take the over-
head mean to be valid.

Fig. 28 - Computation diagram for the determination of the
mean of the ionosphere below the target

along the path of radio propagation. The angle T together with the azimuth angle pre-
scribe some latitudinal and longitudinal separations from the radar site, AX and A( re-
spectively. Knowledge of T and A, therefore, enables one to derive information from
CRPL maps. (The parameters MUF(zero)F2 and MUF(4000)F2 are extracted from Central
Radio Propagation Laboratory "Ionospheric Predictions" given a surface point and the
time of observation.)

A proper selection of h and T is not made directly. As a matter of fact, an a priori
assumption of h (call it ') must be made in order to specify a particular surface point
at which the maximum usable frequencies may be extracted from the maps. Inasmuch as
one must assume a mean altitude in order to read representative values of the maximum
usable frequencies from the CRPL maps, it may seem contradictory to deduce a value of
h from the readings so obtained. It should be noted, however, that this procedure merely
invokes some azimuthal dependence in the selection of the maximum usable frequencies;
the choice of ' is not strongly related to the ultimate value of h which is obtained. As
a matter of fact, there is almost no relation between the two at high elevation angles.
Even at low elevation angles, a mean altitude discrepancy (h - h'= Ah) generates a small
total angular separation discrepancy (& ). For example, if one assumes a 50-kilometer
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discrepancy in mean altitude and lets h range from 100 to 400 kilometers, then AT may
range from 0.5 to 1.0 degree for an elevation angle of 30 degrees.

Upon inspection of Fig. 19, it is apparent that the maximum usable frequencies are
rather slowly varying functions of latitude and longitude. This implies that the altitude
of the F2 maximum as expressed through Eq. (15) is also slowly varying. Therefore if
the angular separation is small, there is only a slight distinction between the overhead
values of the maximum usable frequencies and those values which occur at the appropri-
ate surface point P (AX, Ap) as defined by the latitudinal and longitudinal separations
from the radar site.

The normalized content below the target (or the effective slab thickness) may be ob-
tained from Fig. 24. By means of Eq. (12), one may write the Faraday rotation equation
as

D = 0.737 (C/NF2) q-(f 0 F2/f) 2  (22)

where f 0 F2 and f are in megacycles, (C/NF2) is in kilometers, and is in radians. If
one wishes to ascertain order-of-magnitude values of the expected two-way Faraday
rotation obtained for superionospheric targets, one might use a very approximate relation'
which is applicable for arbitrary radar sites:

A - 10
4 ( f0 F2/f ) 2, it > -1200 km (23)

where the average scale height has been assumed to be roughly 87 km with a correspond-
ing slab thickness of about 360 km and the magnetic field parameter is assumed to be
approximately 40 ampere turns per meter.

Equation (23) admits to a possible large discrepancy, which is primarily due to
variations in the effective slab thickness and magnetic field parameter from those values
which were assumed. Variations in the magnetic field parameter are due to changes in
the radar site as well as the radiopath originating from that site. Of course inherent in
all this discussion is the rigid assumption of a Chapman distribution for the ionosphere.
To the degree that this assumption is invalid, one produces corresponding errors in all
quantities which depend upon the distribution of electrons.
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Appendix

DETERMINATION OF THE GEOMAGNETIC FIELD PARAMETER

At a point in space P(h,A, c) which is dependent upon altitude h, azimuth A, and
elevation e, there is assumed to exist a geomagnetic field vector H. The magnitude and
orientation of this vector are defined by the magnetic field intensity, inclination, and
declination at P', the surface projection of P. A simple relationship is assumed to exist
between the surface values of these magnetic parameters and their values at P. For the
purpose of Faraday measurements, it will be assumed that the magnetic field intensity H
decreases with the inverse cube of the distance from the center of the earth. In addition,
the magnetic inclination I and the magnetic declination D (see Fig. Al) will be assumed
to be independent of altitude. That is,

H(h,AX,Ay) H(0,AX,Ap) F(h) (A1)

I(h,AX,Ap) = I(0\,A9) (A2)

D(h,A AA) D(0,AX,A p) (A3)

where AX and Ayp are the latitudinal and longitudinal separations from the radar site, h is
the altitude of P, R is the radius of the earth, and F(h) = (1 +h/R) - 3. The quantities
H(0,AX,Acp), I(0,LX,,Acp) and D(0,AX, Acp) are all surface values; H(0,AX,ip) will sometimes be
denoted by H .

P (h, A, e) HORIZONTAL

IM

h D

P'(h,A,f), P (h,, A, e)
AS VIEWED FROM ABOVE

EARTH

Fig. Al - Orientation of magnetic
inclination and declination

From Navy Oceanographic Office charts, the quantities H., I, and D are obtained as
functions of latitude x and longitude T. Consequently the basic data for defining the
geomagnetic field vector at any point in space are readily available. The charts give
magnetic induction in gauss and give magnetic inclination and declination in degrees.
Induction may be converted to magnetic intensity by applying the factor 79.55. The mag-
netic field intensity, at the space point P is determined from Eq. (Al) since surface val-
ues of H at P' may be extracted from Oceanographic Office charts. A particular surface
point is designated for a preselected radar site by latitudinal and longitudinal separations
At and Arp respectively. These separations are computed with the aid of spherical ge-
ometry (see Fig. A2):

AX c -m 2 + (A4)
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NORTH POLE

Fig. A2 - Spherical geom-
etry considerations

2

) D,

C:,

P'(h,A,c)

A-p sin
- (sin A si n

where c = cos-1 [cos cos (m/2- X)
the radar site.

+ sin sin (7T/2 - X) cos A] and X is the latitude of

The total angular separation is required in the determination of the projected point
in accordance with Eqs. (A4) and (A5) and is also involved in the correction for nonzenith
propagation. The total angular separation is given by

S cos- 1  R  Cos )R OS h (A6)

The geometrical justification for this equation is given in Fig. A3, which illustrates the
equivalence of R cos e to (R + h) cos (+ c).

P

h
RADAR SITE

Fig. A3 - Geometry illustrating the 4C

equivalence of R cos E and (R+ h) cos ( + E) PI

RADAR SITE

(A5)
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Recall from the consideration of Eqs. (4) and (5) the basic formula by which the func-
tion %P(h,F) and ultimately the magnetic field parameter T(fhF) are expressed:

I = H cos e csc ( + E) (A7)

where H is the magnetic field intensity in ampere turns per meter, o is the angle between
the ray path r and the geomagnetic field vector H, is the total angular separation be-
tween the radar site and the appropriate space point P(h, A, e), and C is the target eleva-
tion. The factor H cos 0 is the component of the geomagnetic field vector H along F at
the space point P(h,A, E). The compensation for nonzenith propagation is incorporated in
the csc ( + e) term.

A convenient coordinate system will now be defined and subsequently H cos 0 will be
computed for arbitrary ray paths. Once this is accomplished, the transformation of the
T function into a relatively simple geometrical quantity will be complete.

Consider the construction of a right-handed coordinate system defined by the unit
vectors e, e2, and e3 . The origin of the coordinate system is the space point P. For
convenience, the propagation path r will originate at P and terminate at the radar site.
The triad of unit vectors has the following orientation. The vectors e1 and e2 are per-
pendicular to a radial line from the center of the earth through the space point P. The
extended great circle projection of e 2 crosses the radar site. The vector e 1 is per-
pendicular to 02 and is directed such that the latitudinal component of its earth projec-
tion is directed toward the pole that is nearest. The vector e 3 is necessarily directed
along the radius of the earth and pointing toward the center of the earth. These defini-
tions are illustrated in Fig. A4. (In the Northern Hemisphere, azimuth is reckoned from
geographic north and measured in the clockwise sense. In the Southern Hemisphere, azi-
muth is reckoned from the geographic south and measured in the clockwise sense. In
both hemispheres, the latitude of the site is a positive angle measured from the geographic
equator.)

P (h, A, e)
H cos I cos 8 e 2

81 2

RADAR SITE

Prh,

Fig. A4 - Coordinate system and resulting
components of the product H.F
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With the coordinate system so defined, the vectors r and H may be written in the
form (refer to Fig. A4)

I' = (0)e 1 + F cos ( +e)e 2 + F sin ( +c)e 3  (A8)

H = H cos I sin 8e1 + H cos I cos 8e 2 + sin I e 3 (A9)

where 8 is the angle between the propagation path and the geomagnetic field vector in the
plane defined by e, and e 2 and F is the length of the vector F.

The angle 8 may be expressed by the equation (refer to Fig. A2)
SE

8 1 w DI (A10)

where /3 is the interior angle which is defined by the intersection of the arc with a line
of constant longitude at P'. Equation (A10) is strictly applicable in both Northern and
Southern Hemispheres if one defines /3 to be positive for eastward projected points and
negative for westward projected points. Alternatively, one might assume /3 positive
everywhere, necessitating an inversion of the algebraic signs associated with the mag-
netic declination in Eq. (A10). This procedure was followed in the NAREC program.
Tables A1-A3 are tabulations of H7, i, and D for the Chesapeake Bay Annex of NRL. Fig-
ure A5 consists of curves of the angle /3 as a function of azimuth from CBA for several
values of total angular separation . The angle /3 is computed by means of the equation

[/3' i- , (sin (7/ )sn A) for 8.+ > 8i~si n c + 1 -(A l l)

-7 /3' for /3i+1 
< J /3i

as the azimuth goes from 0 to 180 degrees in both the clockwise and counterclockwise
senses.

From the elementary vector analysis

cos 0 (H F)/(IHJ IF)
(A12)

sin I sin ( + E) + cos I cos 8 cos ( + E)•

Making use of Eqs. (Al) and (A7), it is found that T may be written

I = H cos 0 csc ( +c) = H0_(1+h/R) - 3 [sin I + cos I cos 8 cot ( +a)] (A13)

where H.- is the appropriate surface value of H.

It is noteworthy that the term cos I cos 8 cot ( + a) must be subtracted if the pro-
jected point and the radar site are on opposite sides of the magnetic equator. Typically
for CBA, the region of projected points is in the Northern Hemisphere, rendering an ad-
dition as indicated in Eq. (A13). The value of I1 may range from 0 to 180 degrees, re-
sulting in positive or negative values for cos S. The terms sin I, cos I, and cot ( . + a)

are always positive, since the arguments are defined to be positive angles less than 90
degrees.

The computer program has been constructed so that P may be computed for arbi-
trary field sites. All that is required is the field station latitude, and the HU, I, and D
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Table A2
Inclination I for Various Latitudinal and Longitudinal

Separations from the Radar Site

(E -*- W)

+30 +25 +20 +15 +10 +5 0 -5 -10 -15 -20 -25 -30

-30 80.3 81.0 81.8 82.5 83.5 84.4 85.4 86.3 87.2 87.5 87.7 87.2 86.5

-25 78.0 78.7 79.7 80.7 81.6 82.5 83.5 84.5 85.2 85.3 85.3 84.7 83.8

-20 76.1 76.8 77.7 78.8 80.0 80.6 81.6 82.3 82.7 82.7 82.5 81.9 81.0

-15 73.5 74.7 76.0 76.8 77.9 78.7 79.5 80.0 80.4 80.2 79.7 78.8 78.0

-10 71.0 72.4 73.5 74.5 75.5 76.3 77.0 77.3 77.3 77.0 76.3 75.5 74.3

N -5 68.3 69.5 70.8 72.0 73.0 73.8 74.0 74.2 74.0 73.5 72.5 71.6 70.5

t 0 64.7 66.2 67.8 69.0 69.7 70.3 70.5 70.5 70.2 69.5 68.6 67.5 66.2

S + 5 61.0 62.5 64.0 65.5 66.3 66.6 66.6 66.4 65.8 65.0 64.0 63.0 61.6

+10 57.0 59.0 60.4 61.5 62.4 62.5 62.5 62.0 59.2 60.0 67.0 57.8 56.5

+15 52.0 54.0 56.0 57.0 58.0 58.0 57.5 57.0 55.5 54.0 53.0 51.7 50.5

+20 47.5 49.0 50.6 52.0 52.8 52.6 52.2 51.2 50.0 48.0 47.0 44.7 44.4

+25 41.5 43.5 45.0 46.0 46.8 46.8 46.0 44.8 43.0 41.5 40.3 39.0 37.0

+30 34.0 37.0 38.3 39.8 40.0 40.0 39.0 37.0 35.5 33.2 31.3 30.0 28.0

arrays. Each array is a 60 by 60 degree matrix of values with 5-7degree spacing in A.
and A(P about the radar site. The tabular arrays require about one man-day to prepare
from Oceanographic Office charts, and the computer utilizes 1.5 seconds per computation
of q. On the average, 10,000 computations of T are required to construct sets of curves
similar to Figs. 6-13; this amounts to approximately 4 hours of computer time. The
computer output included a printed record of H cos 0 as well as T, and a punched tape of
the latter. The punched paper tapes of the T functions are produced in a format compat-
ible with the NRL digital plotter in order to facilitate the presentation of the graphs.
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