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ABSTRACT

For the purpose of facilitating the design of low
reflecting transparent films on glass, the optical theory is
outlined and the theorctical fonmlas are worked out to a
second degree of approximation. Theoretical curves of the re-
flection are calculated for several cases of one and two films
on glass for various thicknesses and refractive indices of the
films and of the glass.
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CHAPTER 1

INTRODUCTION

Dr. Peter King of the Chemistry Division of this Laboratory has made
low and high reflecting surfaces by depositing one and two films on glass or
other transparent material, the thickness and the refractive index of each
film being chosen and controlled to give a low or a high, or a desired, re.-
floctivity. He wished to know how best to choose the optical constants of
a f'ilm, so that by combination of one or more films any specified reflect-
ivity may be obtained. Experimentally the number of variables is great. He
suggested that a theoretical annalysis might direct experiment in the best
direction.

1
Rayleigh gave an exact solution of the reflection from a single glass

plate, and from a pile of similar glass plates, immersed in air. The more
complex case of one film on glass has not been worked out exactly. And, a
fortiori, the mch more complex cases of two fims on glass, and of multiple
films, has not been given exact annalysis. Cartwright, Blodgett3 and Smakula4
have outlined in varying degree similar approximate treatments of several cases
of films on glass.

In this paper the cases of one and two transparent films oft glass are
worked out to a second degree of approximation and the theoretical equations
arc compared with certain of King' s measurements. Curves are given which show
the variation of the reflectivity with variation of the refractive indices
and thicknesses of the films and the refractive index of the glass.

The approximate treatment of the following pages is useful for low
reflecting fihs and yields results which give insight into the design of
multiple films. However, the approximations that are made are not accurate
for high reflecting films. A discussion of high reflecting films is left to
the future.

The present survey of the problem indicates that an exact treatment
of the single film case may not be very difficult and that an exact treat-.
ment of the two film case and the multiple film case may not be very simple.



CHAPTER 2

OBSERVATIONAL DATA

Certain experimental data of King, given in Plate 1, were selected
for discussion. These are plotted in the dots of Plate 1; the curves of
Plate 1 are theoretical and are described later. In plate 1 the ordinates
ue the reflectivities R of a single surface of glass coated with the film
or films. The abscissas are the thicknesses of the film in wavelengths A,
of light. The dots are the observed values of R for film thicknesses from
zero to k/4 and more.

Glass of refractive index 1.53 was used. Two film materials were used,
one of relatively low and one of relatively high refractive index. Approxi-
mate measurements gave indices 1.47 and 1.75, respectively. Calculations
from the refloctivity data, described later, gave the more exact values 1.45
and 1.71. These values are in Plate 1.

R was determined by observing with a Photox photoelectric cell the
light from a tungsten lamp reflected by the coated glass surface. Actually
the energy R2 reflected from both surfaces of a glass plate equally coated
on each side was measured. Then R for a single surface was calculated from
the equation5

R R2  (1)
2 "R 2

The reflectivity RA for monochromatic light was determinod throughout
the visible spectrum and was found to vary to some extent across the spectnr.
These data are not reproduced here, but will be referred to later.

In expressir~g the thickness of the film in wavelengths of light in the
abscissas of Plate 1, we have introduced a little theory. In the experiments
the thickness of the film was increased by constant increments to a maximum
or minimum value of R, but the thickness of an increment was not determined.
However, the theory is so simple that one had no hesitancy in placing maxi-
mum or minimum R at the optical thickness /4, and laying off the other
abscissas accordingly.

"-Z-



CHAPTER 3

GENERAL THEORY

Consideration is restricted to transparent media bounded by plane
parallel surfaces and to rays incident perpendicularly on the surfaces.
Therefore, no polarization effects are encountered. Inconsistently with
the restriction the rays in Plates 2 and 5 are not drawn normal to the sur-
faces, but at an angle, merely in order that the course of the rays be seen
clearly.

Let n be the refractive index of a material, with a subscript to de-
note the material. For a ray of unit energy incident on a boundary between
two materials let a and b be the reflected and transmitted amplitudes, re-
spectively, and r be the reflected energy. Then, for transparent materials
with no absorption, the following relations follow from Fresnelts equations

a P n2 -n1  (2)
n2 -n1

b -1 1- a2  (3)

r a2  . (4)

a is the absolute value given by (2), and is essentially positive. All quan
tities in (2), (3) and (4) refer to monochromatic light of wavelength A .

Several coherent parallel rays of amplitudes a and phase differences
combine to give an amplitude A, where

A acosA . (5)

If the several rays arise by reflection of an incident ray of unit energy
from plane parallel surfaces, the reflectivity R of the surfaces is

2 2R a A2 : ( acos ) (6)

Referring to the film, phase retardations of the rays occur due to re-
flection at the surfaces of the film and to traversing the film. Reflection
in a rarer medium from a denser medium causes no phase change; therefore

- 0, cosL, ' 1, and a cos.A is positive. Reflection in a denser
medium from a rarer medium causes a phase change of 7t ; therefore L Z 7t
cos .l, and a cos A is negative.

v*3....



If e cm is the thickness of the film and is the phase retarda-
tion of a ray that traverses the film twice

4 7T ne/m (7)

where m is an integer. For example, in order to cause a reversal of phase,
= I , the optical thickness of the film is ne A A,/, with m 1 .in(7).6

In later equations in which the summation of (6) is written out it is
convenient to use the sign of the term to take care of the phase changes upon
reflection and to use L'L to give the path retardation.

-4--



CHAPTER 4

SINGLE FILM ON GLASS, SECOND APPROXIMATION

Low refractive index film

The foregoing relations are applied to the case of a single low re-
fractive index film on glass. "Low" means that the refractive index of the
film is less thcdn that of the glass. The refractive indices of air, film
an.d glass are no, n, and n , respectively, and no <. n, < n2 . Referring
to Plate 2A, a ray of unit amplitude and unit energy incident normally on
the film-glass combination is reflected in a number of rays, of which four
are shown. The signs marked on the rays indicate the changes in phase upon
reflection.- Rays 1 and 2 have each experienced one reflection, ray 3 three
reflections, ray 4 five reflections, etc. The amplitude A and energy R of
the reflected light are, from (2), (3), (5) and (6),

R =A2 =(a +a 2 cs - 2ho % h o 3 232_2,
6-0 b,2 Cs aa 2b, co 26 a, 2a3 2 Cos 3& -- ) 2 (8)

whore
Inl -n n, 2n2  2'- 2 0" 1l . (9)I n + no n, + n2 I I % e

Since we are concerned with low reflecting films and hence with values
of a, and a2 less than 0.3, three terms of (8) give values of R correct to
less than 2 percent of R. The inclusion of the first three terms may be des-
ignated a "second" approximation, for the terms refer respectively to the two
once reflected rays and the one thrice reflected ray. Then

2 ,2 2 2
R A .-(a+ aNb cosS - aa 2 b cos 2,S) (10)

Differentiating (10) with respect to a and equating to zero leads to - 0

and 7T for maximum and minimam values of A and R. Then

2~0 2 22 2

nl TT

ne/(*) 2 2 2.2 2

.1454-.



With no = 1 and n2 - 1.53 the values of Rma x and F were calculated
from (11) and (12) for various values of nl, and are plotted in the full
line curves of Plate 3A. The observed values of Rmax mnd R Is from Plate
1A, were 0.0435 and 0.025, respectively; these are shown inte dotted lines
of Plato 3A* It is seen that best agreement with the observed values oc-
curs ven n1  1.45, in which case R. .O.04 and i -. 025, The con-
clusion was That the reflection measurements gave for the low refractive in-
dcx film

This is in satisfactory agreement with the approximate observed value 1.47,
and is the value used in later calculations.

In passing it may be mentioned that the foregoing method of determining
the refractive index of a film from interference maxima and minima is a well
known optical method.

With n 1,45 the values of for various film thicknesses were cal-.
culated from (±) and are plotted in the, full line curve of Plate 1A. The
curve agpees well with the observed points.

If we include only the two single reflected rays 1 and 2 of plate 2A,
and neglect the reflection loss due to the passage of ray 2 through the air-
film surface, (12) becomes

n- O n2 -# ,(13)

n1 4-1 n 2  -n 1

Equating (13) to zero yields

nj n1/2 10 (1)/2

which is a well known expression. It is thus seen that (14) is an approxima-
tion of a low order. In spite of this (14) is very accurate for the special
case to which it applies. For example, if the refractive index of the A/4
film is related to the refractive index of the glass by (14), one finds from
(13) that Rj. = 0, and from the more accurate expression (12) that

Rmi n " a, which is a very small quantity for a, < 0.3.



jgj refractive index film

The case of a single high refractive index film on glass is treated
in the same way as was done for the low refractive index film. "High" means
that the refractive index of the film is greater than° that of the glass.
The reflected rays in this case are shown in Plate 2B, where the refractive
indices of air film and glass are n., n1 and n2p respectively and
nl1 ') n, no . Dealing only with three reflected rays, the amplitude A and
energy' of the reflected light is

2(- 2 2 2
R =A Z.(al - a 2 b 1 co s ,. - aa 2 bicos 2 ;) (15)

Maximm and minimum values of R are

nie :0

nle - 0

With
and (17 for
of Plate 3B.
1 ax ' 0.100

2 2 222

R Q.* (ai )+ 2 222
R (Amax) 1+a 2b1 a.a 2 b I)

(16)

(17)

-1 ,,nd n 1.53, R. and . were calculated from (14)
various values of n1. Te werep otted in the full line curves
Comparison with the observed values Rmi n = 0.040 and

of Plate 1B gave

n, " 1.71

This value is used in later calculations; it is in fair agreement with the
approximately observed value 1.75, With n1 t 1.71 the R., curve was cal-.
culated from (15) and is plotted in the full line curve of Plate iB; the
agreement with the observed points is tolerable.

It is of interest to compare the approximate equations (16) and (17)
with exact expressions which Rayleigh derived for the special case of a
plane parallel plate with the same medium on both sides of the plate, as a
glass plate in air. Ryleigh's Eq. 7 (Ref. 1, page 493) reduces in our
notation to

e.-Rp in
and ( 2 - + 2,_ . __)

(1.8)

(19)

-7-.



._2 - 2
For this case a, a2  a and bI - 1 . a

(16) reduces to
Rmin a a( -a2- a3 -1 .a)-1

10
a (20)

which is not greatly different from (18) for a < 0.3.

(17) reduces to

Rmax La + a (1- a
2 ) - a3 (1- a2)] 2

(2a)2 [L -a 2  a - (2)

and therefore differs from (19) by a quantity of order a , which is small.

-8-



CHAPTER 5

TWO FILMS ON GLASS, FIRST APPROXIMATION

The case of two films on glass is worked out to a first approximation
by considering only the once reflected rays. It is shown in the next section
that the changes occasioned by including the thrice reflected rays are not
groat for the cases of low reflection that are discussed here. Plate 2C is
a diagram of two films on glass in the order air, low index film, high index
film, and glass, of respective refractive indices no, n1 , n2 and n^ , where
no  n1  n3 < n2 . The singly reflected rays are 1, 2 and 3 and the signs
given them in Plate 2C indicate the changes in phase upon reflection. The
amplitudes of reflection at, and of transmission through, the respective surfaces
S, S2 and S3 of Plate 2C are a1 , a2 , a3 and b1 , b2 where

- n n an 2

no+ nI  2  n1j n2  n2 + n3

(22)
2 1 , b2 a2

The total reflected energy R ad amplitude A of the three rays is
R=2 . 2 2ab 2 2

S 2 a b 2 b o(23)

where 81 and 8 2 are the phase retardations due to a double passage
through the low and high index films, respectively.

Eq. (23) is the approximate expression from which R is calculated for
films of various thicknesses and refractive indices on glasses of various re-
fractive indices. (23) is a complicated function of the optical quantities
no ' nl , n2 , n3 , 1 and 2 It does not reduce to any simple relations

that the quantities must satisfy in order to give a low or a zero value of R,
However, it may be- seen from (23),

(a) that within certain ranges of the quantities R = 0 ,

(b) That within these ranges there are an infinity of com-.
binations that give R = 0 ,

(c) that outside of the ranges it is not possible to make
R - 0 by any two-film combination.

"9-



The procedure followed here is to select certain specific materials
and to work out from (23) the values of R to be expected from certain com-
binations. The materials and combinations selected are those of experimental
interest. The various cases are presented as problems some of which are
solved and some of which are suggested as exercises for the student.

If the thickness of the low index film is /4, then nle1 - A/4 ,
7 7r , cos 1 i and (23) becomes

P. (a -b 2  + a b 2 b2 cs 2 (24)
2 21 3 12 2

If the thicknesses of both the low and high index films are A/4
(24) becomes ~2 2

R-. (o- b -ablb )
21 31 2 (25)

Problem 1. Variation of R with thickness of hkh index film.

Given air no. 1

film, low, n1 ' 1.45 , thickness A/4
film, high, n2 - 1.71 , thickness varying

glass n3 - 1.53

Eq, (2+) becomes

R Z (0.1836- 0.0802 + 0.0534 cos 82)

- (0.1034 + 0.0534 cos 2 )2 (26)

The maximum value of R occurs at 0 2 0 (and 2m ) corresponding to a film

thickness zero; the minimum value of R at 2 r i and a film thickness ./4.

The minimum value of R - (0.1034 - 0.0534)2 0.0025 , which is not zero.

Therefore with films and glass of the above indices there is no combination

that gives R 0 Oo

-10-



R was calculated from (26) for various thicknesses of the high index
film, and is plotted in the full line curve of Plate 1C. The curve does not
agree very well with the observed points. At the point of minimum reflection
the discrepancy between theory and experiment is of particular interest in
connection vith the production of very low reflecting surfaces, Here R
from theory was 0.0025 and from experiment was about 0.006. There are two
factors that may contribute to the discrepancy, namely, dispersion and scat-
toring. With regard to dispersion the theoretical treatment dealt with mono-
chromatic light on the assumption that values of refractive indices and re-
flectivities for unresolved light could be treated as monochromatic. However,
since the optical properties of the films and the glass vary considerably
across the' spectrum the assumption may be faulty. Scattering, unless cor-
rected for, increases the apparent observed value of R; and it is known that
for very low values of R scattering of light is relatively important. Prob-
ably more complote attention to theory and experiment will lessen the dis-.
cropancy.

Problem 2. Variation of R with

Given air no " 1

film, low., n1 varyingp thickness A /4

film, high, n2 m 1.71 , thickness A/4

glass n3 1.53

The values of R for various values of n1 were calculated fi-om (25) and
are plotted in the curve Plate 4A. The observea value for n1  1.45 is shova
by the cross. It is seen that R . 0 for nI = 1.38.

Problem 3. Variation of R with n

Given air n -10

filmp low, n -" 1.45, thickness A/

film, hig, n2 varying, thickness A/4

glass n3 : 1.)3



Problem 4. Variation of R with n

Given air no0 -
film, low, n1 : 1,45, thickness ,/4

film, high, n2 Z 1.71, thickness A4

glass n3 varying

The values of R for various values of n were calculated f±bom (25) and
are plotted in the curve Plate 40. The observrd value for n3 : 1.53 is shown
by the cross. It is seen that R ' 0 for n3 = 1.37.

Problem 5. Variation of R with _3

Assume that the refractive index changes with k are not important and
that the film thicknees is the most important feature. Work out the variation
of R with .A and show why a single-film or a two-film coating on glass, that
gives R 0 for green light viewed normally, appears purple when viewed
normally. Show why the color changes from purple to reddish as the angle of
view is inclined to the normal. Show why a two-film coating is likely to give
a more saturated purple than a single-film coating.

Problem 6. F in-.lass combination under water.

Show why a film-glass combination that is low reflecting in air becomes
a moderately good reflector when placed under water.

Discuss what happens optically to a fili-.glass combination which is
coated vith a film of water. This amounts to discussing the three.-film problem.

Prob.j 7. With films of indices 1.71 and 1.45 and glass of index 1.53 show
that the lowest obtainable values of R are 0.0335 for a single film on the
glass and 0.0025 for two films on the glass* (The second part of this prob.
lem has been done in Problem 1.)



Problem 8. Films on glass in a different order.

Given films in order, air, high index film, low index film, glass, of
the same indices as Problem 1, thus;

air no =..I

film, high, n1 1.71
film, lo "n 0 i

glass n3 ' 1.53

Show that R in this case is given by (23) with the signs of the second
and third terms changed. It will be found that the lowest value of R for this
film combination is 0.026 and occurs when the thickness of the high index film
is A /2 and of the low index film A /4. The value is about 10 times the
value R 0.0025 that is obtainable with the films of the same index but in
opposite order, as in Problom 1.

,413--



CHAPTER 6

T1O FILMS ON GLASS, SECOND APPROXIMATION

In the case of two films on glass a second approximation is obtained
by considering, in addition to -the once reflected rays, the rays that have
been reflected three times. For films in the order air, low index film,
high index film, glass, the rays are drawn in Plate 5 in which A shows the
once reflected rays 1, 2, 3 and the beginnings F, G, H of the other rays.
The continuance of F, G, H and their emergence in the thrice reflected rays
4, 5, 6, 7, 8 are shov in B, C, D of Plate 5' The complete courses of the
rays 4,5,6,7,8 are drawn in E, Plate 5. The signs on the rays indicate the
changes in phase upon reflection.

As in the preceding section the respective reflected amplitudes at,
and transmitted amplitudes through, the surfaces Sl, S2 and S , are a, ,
a3 and b, b22. The phase differences due to double transmission throdgh -he
low and figh index films are 8 and S6, respectively, a and b with appro-
priate subscripts are given byA(2) ana (3). The reflectivity R given by the
eight rays is, from (6),

1 2 2 2
R2 = a14- a2bl cos 31 - a3  b2 cos(d +

22 2 2
-aja 2 b1 cos 2 e1 + ala2a3b1 b2 cos (2 S )

22 '1 2 2 2
- ala2a3b1 122 cos2 -ala 3 b b2 cos(23i+ 2 32)

-a2a3 b b2 cose(G 1 + 2 & 2) (27)

The eight terms of (27) refer in order to the rays 1 to 8. The first three
terms of (27) are of course the same as (23).

Two of the problems of the preceding section are now worked out from
(27) and the results are compared with those from the first approximation formulas.



Problem 1 second approximation. Variation of R with thickness of high index
f ilm.

Given Air no

film, low, nI j 1.45, thickness A/4

film, high, n2 = 1.71, thiokness varying

glass, n3 - 1.53

R was calculated from (27) and is plotted in the dotted curve of Plate
6A. The full line curve gives R from (24) or (26) and is the same as the curve
of Plate 1C.

Problem 3, second approximation. Variation of R with B2.

Given air no  1

film, low, nI , 1.45, thickness A/4

film, high, n2 varying, thickness A/4

glass, n3 Z 1.53

R was calculated from (27) and is plotted in the dotted curve of Plate
6B. The full line curve gives R from (25) and is the same as the curve of
Plate 4B.

It is seen from Plate 6 that conclusions derived from the first approx-.
imation formulas concerning changes in R with the optical constants of the
films are not greatly different from conclusions derived from the second ap.-
proximation formulas. For example, both curves of Plate 6B agree in a value
well below 0.001 for the minimm value of R at about n 1.81. The actual

Wn .2values, however, that the first and second approximation formulas give in
this case differ considerably, being respectively 0.000009 and 0.000019.

If higher order approximations were made one may infer that the result-
ing curves would probably lie between the dotted &td full line curves of Plate
6.

.015...
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